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Abstract. The eta invariant appears regularly in index theorems but is known to be 
computable only in certain examples of locally symmetric spaces of compact type. In this 
work, we derive some general formulas useful for calculating the eta invariant on closed 
manifolds. Specifically, we study the eta invariant on nilmanifolds by decomposing the spin c 
Dirac operator using Kirillov theory. In particular, for general Heisenberg three-manifolds, 
the spectrum of the spin c Dirac operator and the eta invariant are computed in terms of 
the metric, lattice, and spin structure data. There are continuous families of geometrically, 
spectrally different Heisenberg three-manifolds whose Dirac operators have constant eta 
invariant. We also show that the Dirac spectrum is symmetric about zero in Heisenberg 
manifolds of dimension Am + 1 ( m G Z >0 ); thus, the eta invariant is automatically zero in 
these dimensions. In the appendix, some needed results of L. Richardson and C. C. Moore 
are extended from spaces of functions to spaces of spinors. 



1. Introduction 

The eta invariant was introduced in the famous paper of M. F. Atiyah, V. K. Patodi, and I. 
M. Singer (see [3]), in order to produce an index theorem for manifolds with boundary. The 
eta invariant of a linear self-adjoint operator is roughly the difference between the number 
of positive eigenvalues and the number of negative eigenvalues, which of course is undefined 
when these numbers are both infinite. However, this quantity may be regularized to make 
it well-defined for classical pseudodifferential operators, using methods similar to the zeta- 
function regularization of the determinant of the Laplacian and methods used by physicists 
to regularize divergent integrals. The eta function is analogous to Dirichlet L-functions in 
the same way that the zeta function of elliptic operators is analogous to the Riemann zeta 
function. 

Let D : C°° (E) — > C°° (E) be an essentially self-adjoint elliptic classical pseudodifferential 
operator of order d on sections of a vector bundle E — > M, where M is a closed (compact, 
without boundary) Riemannian manifold of dimension n. Let {A} be the collection of eigen- 
values with multiplicity. The eta function is defined as 

v( s ) = X/ gn ( A ) l A l~ s • 

This reduces to the zeta function if D has only nonnegative eigenvalues. The eta function 
is holomorphic in s for large Re (s) and can be analytically continued to a meromorphic 
function using heat kernel techniques. It is true but not obvious that r\ (s) is regular at 
s = 0, and 77 (0) is always real; the eta invariant is defined as ??(0). See [3], [I], [16] for 
general information about the eta invariant. 
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The eta function and its generalizations have been studied and utilized in index theorems 
for noncompact manifolds and for families of operators and in gluing formulas. The sign 
of the eta invariant of the boundary signature operator on a 4-manifold with boundary has 
important geometric content; in the case of a ball, it determines whether the conformal class 
of the boundary metric contains a metric induced from a self-dual Einstein metric on the 
interior (see [2TJ). In physics, the eta invariant of the spin and spin c Dirac operators has 
practical importance, for example in the regularization of Feynman path integrals (see [30J ) . 
Recently, in the work of J. Bruning, F. W. Kamber, and K. Richardson, the eta invariant 
is utilized in a new equivariant index formula for G-manifolds and an index formula for 
Riemannian foliations (see jS], [H], [TP]). 

It is very difficult to calculate the eta invariant for a given operator such as a Dirac operator 
on a Riemannian manifold; much work has been done to calculate this invariant for space 
forms, lens spaces and flat tori (see, for example, [13], [T5], [7]). More recently, S. Goette 
has calculated formulas for the eta invariant and equivariant eta invariants on homogeneous 
spaces of the form G/H with G compact (see p2]). The first work on computing eigenvalues 
of Dirac operators on homogeneous spaces corresponding to noncompact Lie groups has been 
done by B. Ammann and C. Bar (see [TJ, [5]), where the eigenvalues of the spin c Dirac 
operator on certain (rectangular) Heisenberg manifolds were computed explicitly. 

A Riemannian nilmanifold is a closed manifold of the form (T\G, g) where G is a simply 
connected nilpotent Lie group, T is a cocompact (i.e., T\G is compact) discrete subgroup 
of G, and g is a left-invariant metric on G, which descends to a Riemannian metric on r\G 
that is also denoted by g. A Heisenberg manifold is a two-step Riemannian nilmanifold 
whose covering Lie group G is one of the (2n + l)-dimensional Heisenberg Lie groups (see, 
for example, [20]). The study of nilmanifolds and nilpotent Lie groups has long been relevant 
to inverse spectral problems (see [19] for a survey). Nilmanifolds play an important role in 
the study of Dirac eigenvalues, as was shown in a paper of Ammann and C. Sprouse (see 
[2]). They show that if a Riemannian spin c manifold with bounded sectional curvature and 
finite diameter has scalar curvature bounded from below by a sufficiently small negative 
number and if the smallest Dirac eigenvalue A is sufficiently close to zero, then the manifold 
is diffeomorphic to a nilmanifold. 

In this paper, we prove several new results concerning the computation of the eta invariant 
on any closed manifold. In Section I2.1[ we discuss the interesting relationships between the 
zeta and eta functions of operators, the main point being Proposition [TJ where a simple but 
general argument is used to show the formula 

where rj c is the eta function corresponding to the operator D + c = D + cl, where c is a real 
number, and where C(d+ c ) 2 is the zeta function corresponding to the operator (D + c) 2 . From 
this we see that changes in the eta invariant of an elliptic first order operator on a closed, 
odd-dimensional manifold is related to a particular residue of a pole of the zeta function 
corresponding to the second order operator (D + c) 2 . This residue is, up to a constant, a 
coefficient in the asymptotic expansion of the trace of the heat operator exp (—t (D + c) 2 ). 
In Section 12.21 this coefficient is computed explicitly as a function of c. 

Using these general results about J^?7 C (0), if r\ c (0) is known at a single value of c, the 
heat kernel asymptotic formula and knowledge of small eigenvalues determine r]o (0), the eta 
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invariant of D. In Theorem [5], we prove a general formula for the eta invariant of a Dirac-type 
operator on a closed manifold in the case that the spectrum of the operator is symmetric 
about a certain real number A. We deduce from this formula a more specific formula for 
three-manifolds in Section [23J which calculates the eta invariant in terms of the volume, the 
total scalar curvature, the total trace of the twisting curvature, and small eigenvalues of the 
Dirac-type operator (notation defined in that section): 

, (0) = _g vol( M) + ^g/ M Scal + / M T r (^)) 

+sgn (A) (2# (a (D) n (0, A)) + # (a (D) n {0, A})) . 

Using Kirillov theory, the spin c Dirac operator on two-step nilmanifolds is decomposed 
explicitly in terms of irreducible subspaces of the right quasi-regular representation in Section 
13.21 To that end, occurrence and multiplicity conditions for Dirac eigenspinors are developed 
in Section 13.31 in analogy to Pesce's known work [26] concerning the Laplacian. It is here 
that we utilize analogues of the work of C.C. Moore [25J and L. Richardson [2H], developed 
in the appendix, Section [7J Explicit formulas for the Dirac operator are computed in terms 
of a special basis of spinors for each invariant subspace. 

For general Heisenberg three-manifolds, the spectrum of the spin c Dirac operator and the 
eta invariant are computed in terms of the metric, the lattice and spin structure in Section 
15.21 The formula for the eta invariant has the form 

V (0) = gg 2^2 ~ N (A r ' W2 > m <" m ™' £ ) ' 

where N (A, r, w 2 , rn v , m w , e) is a nonnegative integer specified in terms of A, r; w 2 , m v , m w ; e, 
the metric, lattice, and spin structure data. In this section, we exhibit continuous families 
of geometrically, spectrally different Heisenberg three- manifolds whose spin c Dirac operators 
have constant eta invariant. Computations for a general Heisenberg nilmanifold are done in 
Section I53j in particular, we show how to calculate the Dirac spectrum for any example. We 
show in Section 15.41 that the Dirac spectrum is symmetric about zero in dimensions 4m' + 1 
( m! e Z>o ). Thus, the eta invariant is automatically zero in these dimensions. In Section [61 
we compute the Dirac operator of a particular five-dimensional non-Heisenberg nilmanifold, 
and we show that the techniques used in previous sections do not yield explicit formulas for 
the eigenvalues in this case. 

2. The eta invariant 

2.1. Eta and zeta functions of perturbed operators. In this section and throughout 
the paper, we will often use the notation (D + c) for an operator, where D is an operator 
and c is a scalar, and we regard c in this expression as c times the identity. We also use the 
notation a (D) to denote the spectrum of D, with multiplicities. 

Proposition 1. Let D be any self-adjoint operator for which r\ (s) is defined and analytic at 
s = 0. Suppose in addition that there exists an interval Jcl and a constant B > such 
that for all c G I, 

-s 2 - — 

(1) sgn (A + c) |A + c| s and J2\ ((^ + c ) ) 2 converge absolutely for Re (s) > B, 
and 

(2) —c is not an eigenvalue of D. 



4 RUTH GORNET AND KEN RICHARDSON 

Then the eta function n c (s) corresponding to the operator D + c satisfies, on its domain, 

Tc Vc{s) = ~ S W ' 

where C(d+c) 2 ^ s ^ e ze ^ a function corresponding to the nonnegative operator (D + c) 2 , that 
is 

where the sum is over all positive eigenvalues with multiplicity {{i} of the operator (D + c) 2 . 
In particular, if D is a first-order, elliptic, essentially self-adjoint differential operator, then 
jj-J]c (0) is the residue of the simple pole of the meromorphic function C^+c) 2 ( 2O °^ s = 0- 
(tfCiD+cf i^) is regular ats = 0, then £rj c (0) = 0.; 

Remark: It is known that second-order essentially self-adjoint elliptic differential opera- 
tors such as (D + c) 2 on a manifold of dimension n yield zeta functions with at most simple 
poles, and they are located at s = ^, s — | — 1, s = | — 2, ... for n odd and at s — |, 
s = I — 1, ... , s = 1 for n even. See [16J for specifics. Further, the residues at these poles 
are given by explicitly computable integrals of locally-defined functions. 

Proof. We know that for each eigenvalue A of D, sgn (A + c) does not vary with c£j. Then 
for large Re (s), 

Vc (s) = ^sgn(A + c)((A + c) 2 )^ /2 

A 

jVc{s) = ^sgn(A + c)(-^((A + c) 2 )^ 1 )2(A + c) 

A 

= -s^sgn(A + c) |A + cp~ 2 (A + c) 

A 

= -s£((A + c) 2 r^ = s( (D+cf 

A 

Since both sides are analytic in s for large Re(s), the statement must remain true after 
analytic continuation. □ 

We are interested in the eta invariant, which is n c (0). By the formula in the proposition 
above, the relevant information is the residue of the pole of the zeta function C(d+c) 2 ( z ) a ^ 
z=\. For odd-dimensional manifolds, this is a constant times one of the heat invariants. If 
the manifold is even-dimensional, there is no pole at z = |, so that jj-j] c (0) = 0. 

Corollary 2. If the manifold is even-dimensional, then jj- c r\ c (0) = 0, so that the eta invariant 
is constant with respect to c on intervals where D + c has trivial kernel, and then it changes 
by integral jumps in general. 

We also have the following result about perturbations of zeta functions. 

Proposition 3. With the assumptions of Proposition^ 

4C(D+c) 2 ( s ) = ~ 2s Vc (2s + 1) . 
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Proof. For large Re (s), 



^ -s ((A + c) 2 ) s 1 2 (A + c) = -2s ^ | A + c|" 2s " 2 (A + c) 

A A 

-2a sgn (A + c) |A + c|~ 2s_1 = -2sr/ c (2s + 1) . 



A 

Since both sides are analytic in s for large Re(s), the statement must remain true after 
analytic continuation. □ 

2.2. Heat Kernel Asymptotics. Because of Proposition [TJ we will be interested in the 
residues of C(_d+ c ) 2 ( s ) a ^ ^ s P°l es ; which are determined by the heat kernel asymptotics (see 
Section [231) . Specifically, we need the asymptotics as t — > + of 

Tr (exp (— t (D + c) 2 )) = / Tr K c (t,x,x) dvol, 

J M 

where we assume D — ^2 (ejo) V ej : C°° (E) — > C°° (E) is a Dirac-type operator and cel. 
We will let n be the dimension of the manifold M, and we will let n be the rank of the vector 
bundle E. Here and in what follows, we use the o symbol to denote Clifford multiplication. 
The element K c (t, x, x) £ End (E x ) is 

K c (t, x, x) = e - t(D+c)2 (x, x) , 

which satisfies 

^ + (D + c) 2 ^K c (t,x,y) = 

lim K c (t,x,y) = 8 xy , 
t— >o+ 

where 5 xy is the Dirac delta distribution. To find the asymptotics as t — > + , we need to 
solve for Uk (x, y) £ Horn (E y , E x ), where 

K c (t, x, y) ~ - — l — j^e~ r2/u (u (x, y) + tu x (x, y) + t 2 u 2 (x, y) + ...) (1) 
(Ant) f 

where r = dist (x,y). Such an asymptotic expansion exists, since (D + c) 2 is a generalized 
Laplacian (see [6], [IB] . [29]). 

We will assume that we have chosen geodesic normal coordinates ) centered 

at y = and that the frame field (e\, ...,e n ) is parallel translated radially from the origin 
(i.e. y) such that 

ej (0) = d j . 

Then in these coordinates, we may map E x to E y via radial parallel translation, so that 
each Uk (x, y) may be regarded as a matrix-valued function of x, with M n identified with E y . 
Observe that the Dirac operator may be expressed as 

D = Y j e j oV e] =Y J 9 m d p oV dq , 

3 P><2 

where in the first case we are summing over an orthonormal frame, and in the second case 
we are using the coordinate vector fields, with (g pq ) the inverse of the metric matrix (gij). 
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We have, using the Einstein summation convention, 

-{D + cf = -(e,oV e , + c) 2 

= - (a o V e J (e 3 - o V«y) - 2c (e; o V e J - c 2 

= - (ao) (e-jo) V ei V e . + [- (e^o) ((V^e,) o) - 2c (&,<>)] V e 



c 



2 



= V ei V ei - £J (e 4 o) (e,o) [V ei , V e J + [- (e,o) ((V ei e,) o) - 2c (e.-o)] V 6j - c 2 
= V ei V £l - (e<o) (e,-o) (V [ei ^]) + [- (e l o) {{V ei e 3 ) o) - 2c (e^o)] V e ^ 

-Emm ([v e ,,v e j - v [ei , ej] ) -c 2 . (2) 

i^3 y ' 

define this to be Kjj 

Further, let K = K i3 G End (E x ). 

Next, let s be a bundle endomorphism, and let / be any function. Let h = — ^ n / 2 e~ r ' 2/ ' 4t , 

and let g = det (gij), where r is the geodesic distance to y — 0. Then from the formulas in 
[29| pp. 99-100] (extended, as is common, to endomorphisms) , 

V/i = — — rcl 
2t 

dh . , rhd r q 
— + Ah = — — 
dt Agt 

D(fs)-fDs = (Vf)os 
D 2 (fs)-fD 2 s = (A/)s-2V v/ a, 

so 

(-(D + c) 2 )(/ S ) = - (D 2 + 2cD + c 2 ) (/a) 

= -(/ J D 2 S + (A/) S -2V V /s) -2c(/D S + (V/)o S )-c 2 / S 
= -/(£> + c) 2 s - (A/) s + 2V V /s - 2c (V/) o s. 

Then 

^(d t + (D + c) 2 )(hs) = (^-±Ah+ r -^Js + d t s + (D + c) 2 s 

/A/A 2^ 2c,_,, 
+ f — 1 s - - VvhS + (V/i) o s 

= d t s + (D + c) 2 s + -^—d r gs + yV r a,.s - ~ (rc? r ) o s. 



Writing 

we solve (d t + (D + c) 2 ) (/is) = and get the equations 



S — U + tUi + t 2 ^2 + 



V r97 .Mf + ( j + - c (r<9 r o) 1 = - (D + cf Uj-i , (3) 
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V drUj + (l + ^- c (d r o)^J u 3 = -\{D + cf (4) 

This is an ordinary differential equation along a geodesic emanating from y, the center of 
the geodesic coordinates. 

Note that for any smooth function /, 



exp (/ (r) (d r o)) = Et^/W^'^^ + Et^TW/W 2 ^ 1 ^ ) 

fc>0 ^ k>0 ^ >' 



2fe+l 



k>0 v ' \k>0 



"1) r , . ,2/r-l- I. 



(2fc + l)!' 

= cos(/(r))l + sin(/(r))(a r o). 

We also have the operator equation 

V^[cos(/(r))l + sin(/(r))(3 P o)] 
= -/' (r) sin (/ (r)) 1+ cos (/ (r)) V 9r + f (r) cos (/ (r)) (<9 r o) + sin (/ (r)) (d r o) V 9 „ 
= [cos (/ (r)) 1 + sin (/ (rj) (0 r o)] V 9r + -/' (r) sin (/ (r)) 1 + /' (r) cos (/ (r)) (3 r o) 
= [cos (/ (r)) 1 + sin (/ (r)) (0 r o)] (V a . + /' (r) (<9 r o)) . 

Thus we multiply (jlj) by rig 1 / 4 [cos (— cr) 1 + sin (— cr) (d r o)\. Then observe that 

Va r (rig 1 '* [cos (— cr) 1 + sin (—cr) (d r o)] Uj) 

= r^g 1 ^ [cos (-cr) 1 + sin (-cr) («9 r o)] (v 9r + U + ^ - c (d r o)^j ^ Uj - 

= — r^g 1 / 4 [cos (— cr) 1 + sin (— cr) (<9 r o)] (D + c) 2 

so the new recursion formula is 

Vd r (r^g 1 / 4, [cos (—cr) 1 + sin (—cr) (d r o)] uA 

= —ri^g 1 ! 4 [cos (—cr) 1 + sin (—cr) (d r o)} (D + c) 2 Uj-i . (5) 

Substituting j = 0, we see that g 1 ! 4 [cos (—cr) 1 + sin (—cr) (d r o)] u is parallel along radial 
geodesies, which means that 

u (r) = g~ x ^ 4 [cos (—cr) 1 — sin (—cr) (d r o)] 

= g~ x l 4 [cos (cr) 1 + sin (cr) (d r o)] . (6) 

In other words, uq (r) is the linear map from ^ to (with ?/ being the origin of the 
geodesic coordinate system and r being the distance from y to x) defined by 

s (y) i — Y g^ 1 ^ [cos (cr) 1 + sin (cr) (d r o)] s (x) , 

where s (x) is the radial parallel translate of s (y) along the geodesic connecting y to x. 
By writing 

Ul = Ul (0) + O (r) , 

from (13]) we see 



s 
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ui+r [ V dr ui + ( ^ - c (d r o) ) ui 



[D + c) 2 u . 



In particular, 

u x (0) = (-(D + c) 2 u ) (0). 

Since r 2 = XjXj , rd r = Xjdj , and g = l+\Ri vq iX p x q + O (r 3 ) in geodesic normal coordinates 
in terms of the Riemann curvature tensor Riju at x = (see [291 P- 104]), using the binomial 
expansion, 



"o 



g 1 I A [cos (cr) 1 + sin (cr) (d r o)} 
1+cr (d r o) 

1+cXj (djO 



— ^-1 - —RijkiXjX k l+0 (r 3 ) 



9 1 - —RijkiXjX k l+0 (r 3 ) . 



Then at 0, 



(Duo) (0) 



g pq (d p o)V 9q u 
= (d p o) V 9p u 
= (d p o) c (d p o) = —ncl. 
At 0, V ' a d q = for all p, q ; thus, from <^ and the above, 
(D 2 u )(0) = (-W dp V 9p + K)u 



nc 2 +-Ri j:ji + K I 1 



nc 



-Scal + K 1, 
6 



where Seal denotes the scalar curvature. Then 

m (0) = (- (D 2 + 2cD + c 2 ) u ) (0) 



6 



Seal + K- 2cnc + c 2 1 



n - 1) c 2 + -Seal 1 - If. 



We have shown that the heat kernel for (D + c) has the expansion 



ifc (t, X, X) 



exp (-t (D + cf) (z, 
1 



(7) 



{Aid) 



n/2 



1 + t 



n 



l)c 2 + gScalj 1-Kj +0(t 2 )^j , 



Trexp (~t(D + c) 2 ) 



(Airt) 



n/2 



nvol (M) 



n (n - 1) c 2 vol (M) + - [ Seal- f Tr (K) 

6 J M Jm 



+ O {t 2 ) 



Here, n is the dimension of the manifold, and n is the rank of the bundle E. 
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Note that on a spin manifold, the Clifford contracted curvature term K has the form (see 
pp. 48-49]) 

R = Seal + pE/s ^ 

where S is the spin c bundle, E = S ®W with connection \7 S ® W = \/ w <g> 1 + 1 <g> V 5 , and 
pE/s j g twisting curvature of E, meaning 

f e/s = F w = ^F W ( ei , e 3 ) (e l o) (eU) , 

i<j 

with F w the curvature of V w . In particular, if D is the spin c Dirac operator on a spin 
manifold, then F w = and 

Tr exp (-t (D + cf) = ( nvol (M) + t n{n- 1) c 2 vol (M) - ^- ! Seal + O (t 2 )) 

Observe that our first recursion formula (J4]) for the heat invariant endomorphism Uj cor- 



responding to (D + c) 2 is 

V dr Uj + (~ + ~^ ~ C ( d r<>)*j Uj = ~(D + c) 2 Uj-! , 

where r is the distance from the origin of the coordinate system, and the differential equation 
holds along a geodesic from to x. For j > 0, we expand 



K 

k=0 



■i = E ° ku ^ + ° ( c * +1 ) 



where each Uj t k is independent of c € I. For consistency we declare that Uj^ = if either j 
or & is negative. Our recursive formula above implies that (collecting powers of c) 

Va.tij.fc + ^~ + %,fc = (<9 r <>) Uj,(fc_i) - ^D 2 M (i _i), fc - ~L>W (i _i),(fc_i) - iM (i _i) i(fc _ 2 ). (8) 

Proposition 4. VFe /jave 

Ujtk = O ( r max { fc -2i.°}) . 

In particular, 

u hk (0) = 

if k > 2j , so that Uj is a polynomial in c of degree at most 2j. 

Proof. Clearly, Uj$ = O (1) for all j > 0, as these refer to the standard heat invariants (with 
c = 0). Also, the formula holds for uo,k by Taylor analysis of the expicit formula fl6]). We 
prove the general case by induction; assume that the theorem holds for all (j, k) such that 
< j < J and k > or j = J and < k < K, with J > 1 and K > 0. Then the formula 
preceding the statement implies that 

J + ~^~J u J,k+i = r (d r o) uj )K -D 2 u {J _ 1):iK+1) -2D«(j_i)^-«(j_i) i( ^i) . 
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Note that, given A (r) = O (r p ) is smooth in r, we have rd r A (r) = O (r p ) if p 7^ and 
rd r A (r) = O (r) if p — 0. Similarly, r (d r o) A (r) = O (r p+1 ) since <9 r o is bounded and has 
constant norm. Then, by the induction hypothesis, 

UJ, K+1 = O ( r ™«{*-2J,0}+l) + Q ( r max{^-2J+3-2,0}) 

^ r max{if-2J+2-l,0}\ _|_ q ^ r max{K-2,/+l,0}\ 
= (9 ^ r max{Jf-2J+l,0}A 

since D (0 (r p )) = O ( r max {p- l ->°}\ as long as the quantities are smooth in r. □ 
Because (d r o) 2j = and (d r o) 2j+1 = (d r o), from (EJ) we have 

%, fc = ^T 1/4 r fc (d r o) fc . 

Also, since all of the Uj t o are known (the standard heat invariants), we may use (jHJ) to 
calculate for all j > 0, k > 0. That is, 

Va r (r j g 1/4 u j!k ) = r J g 1/4 ^(<9 r o) %,(&_!) - ^D 2 u (j ^ 1):k - -Duy-x^k-i) - ^uy-^k-S) J , 

and so the expression may be integrated along a radial geodesic to solve for v,j t k- From the 
formulas for u 0t k and (J7J) we have 

u ,o (0) = 1, u 1)0 (0) = QscalJ 1 - K, u 1A (0) = 0, u 1>2 (0) = (n - 1) 1. 

Let 

%,fe = / tr (u j>k (x, x)) dvol , 



where Uj tk (x, x) is the expression at r = of Uj >k found above. In particular, if n is the 
dimension of the manifold M and n is the rank of the bundle E, 

a o,o — ^ v °l (M) , ai j0 = — Seal — Tr (K) , a^i = 0, a^ 2 = n (n — 1) vol (M) . (9) 
Then the heat invariants ctj (c) corresponding to (D + c) 2 satisfy 

2.7 



/ tr (uj (x, x)) dvol = 2_ J ( ^ a j,k ■ (10) 

' fc=0 



2.3. The eta invariant for arbitrary manifolds with spectral symmetry . Suppose 
that M is a closed Riemannian manifold of dimension n. Recall from Proposition [TJ we wish 
to calculate lim — sC(d+ c ) 2 (^2^)' a ^ a particular value of c where dimker (D + c) 2 = {0}. 
From flU, as t ->■ 0+, 

V = / trK c (f, x, x) dV (x) ~ 1 (ao + fai + t 2 a 2 + ...), 

V ^ (47Tt)" /2 
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where {/i} are the eigenvalues of (D + c) 2 with multiplicities. The standard derivation of 
the analytic continuation of the zeta function is as follows. For large Re (s), 

= T^J!'"~\J^ {a '> + a ' t + '-- + aNtN] ) dt 



1 



i r 1 1 n 

where 4>n (s) is holomorphic for Res > | — N — 1, T (•) is the Gamma function, and Oj is 
the heat invariant corresponding to (D + c) 2 : 



Oj = / tr(iij(x,x)) dvol 



Then, since T (|) = 0F, 



li m -of, ^2 I S + 1 1 - lim - a ^ - -^- n ^{n+\)l2 

iTo *W V 2 ;-SS(47rr/ 2 r(^)(¥-i)" 



Q »-i , 

2 



or 



A r?c (0) = -2 1 -"7r^" +1 )/ 2 a I1 _i (c) 



Note that if n is even, j^r] c (0) = 0. 

Now, suppose that there is a point of symmetry, A < 0, in the spectrum a (D) of D, 
meaning that a (D) — A is symmetric about in R. Then rj j (0) = 0. We then integrate 
the formula above from c = to c = —A. We have a discontinuity (a jump of +2) at 
each c G (0, —A) that is an eigenvalue of —D, due to the fact that c h-> sgn (A + c) has a 
similar discontinuity near c = — A. Also, if either or —A are contained in the spectrum 
of —D, then we will have a jump discontinuity of +1 at those points. Let C\ < ... < c k 

be the points of (0, —A) that are eigenvalues of —D. Let n o = | q otherwise^ 
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i \ ^ ^ ^ °- ■ Then the fundamental theorem of calculus yields 
^ otherwise 

J'^ndO) dc = r] ci (0) - rjo (0) - 1 - n , 
[ + dc = ^ +1 (0)-r/ c .(0)-2, 

jf ^r/ c (0) = ^(0)-77 fc (0)-l-n_ x , 

which add to 

jf ^ (0) dc = ^ (0) - 77o (0) -2k -n - n_- x . 
Therefore, since r/ j (0) = and rjo (0) = T] (0), 

dc 



n(0) = - y — r? c (0) dc-2k-n - n_j 

f° d . . , 
= y _ ^r? c (0) dc-2k-n - n_j 

In the case where the point of symmetry is positive (A > 0), the calculation above may be 
adapted in the following ways. We integrate the formula for J^77 c (0) from c = —A to c = 0, 
and if ci < ... < cjfc are the points of (—A, 0) that are eigenvalues of —D, we have 

" Cl d 



77 C (0) dc = Vci (0)- V _j(0)-l-n_j, 

uc 

C J +1 d 



—A dc 



dcVc (0) dc = r 7c , +1 (0)-7 ?c ,(0)-2, 
d 

— 77 c (0) dc = r;o (0) - 77 fc (0) - 1 - n , 



which yields 



f° d 

Vo (0) = / — Vc (0) dc + 2k + n + n 
J-x dc 



A 1 



with n , n_j defined above. 

In general, if A is the point of symmetry of a (D), 



Vo (0) = rj-x (0) + J_ ^r/ c (0) dc + sgn (A) (2# (a (D) n J x ) + # (a (-£>) n {0, -A})) 
= _2 1 -'V-( n+1 ^ 2 / _a^i (c) dc + sgn (A) 2# (a (D) n Ij) + sgn (A) # (a (D) n {0, A}) , 

J-A 2 

where J x is (0, A) or (A, 0), depending on the sign of A, and where the last two terms include 
multiplicities. 

Thus, from the formula above and ({TO]) we have the following formula for 77 (0) = 770 (0). 
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Theorem 5. Let a (D) — A be symmetric about in R. Then the eta invariant satisfies 
1(0) = -^wf E^A' +1 a ^., 

\ fc=0 

+sgn (A) 2# (a (D) n J x ) + sgn (A) # (a (D) n {0, A}) , 



where Ij is the open interval between and X, and where implicitly the last two terms include 
multiplicities. 

2.4. The zeta function and the eta invariant for three-manifolds. By Theorem [51 
for n = 3 we have 

-2 -2 Arl 1-2 . 1-3 



7/(0) = -2 7T ( A a 1)0 — -A a 1( i + -A a x , 



+sgn (A) 2# (a (D) n I x ) + sgn (A) # (a (D) fl {0, A}) , 



From (ED, 

7/(0) 



6tt 2 

+sgn (A) (2# (a (D) H (0, A)) + # (a (D) n {0, A})) , 

where implicitly the last two terms include multiplicities. Note that every three-manifold is 
spin, and thus if we let F w be the twisting curvature, then 



/ Tr(K) = I ^+ I Tr (F w ) . 
Jm Jm 4 Jm 



Then we have 



»7(0) = -^vol(M) ' 



67T 2 Air 2 
+sgu (A) (2# (a p) n (0, A)) + # (.7(D) n {0, A})) . (11) 

3. Two-step Nilmanifolds and Dirac operators 

3.1. Two-step Nilmanifolds and the Laplace-Beltrami operator. We review known 
results about the Laplacian on two-step nilmanifolds in this section. A Lie algebra g is 
two-step nilpotent if its derived algebra 3' = [g,g] is contained in its nontrivial center; i.e., 
[Qi [fljfl]] = [fl) fl] ^ 0. A Lie group G is two-step nilpotent if its Lie algebra is. Let 
G be a simply connected two-step nilpotent Lie group of dimension n with Lie algebra g. 
Let T be a cocompact (i.e., r\G compact), discrete subgroup of G, and denote M = T\G. 
Fix an inner product ( , ) on g, which corresponds to a left-invariant metric on G, and 
which descends to a (no longer left-invariant) Riemannian metric on M. Let {X{\ be an 
orthonormal basis of left-invariant vector fields of g. 

The existence of a cocompact, discrete subgroup V implies that G is unimodular, which 
in turn implies that the Laplace-Beltrami operator acting on smooth functions on G can be 
expressed as 
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Denote by p the (right) quasi-regular representation of G on L 2 (r\G); i.e., for g G G, 

feL 2 (T\G), 

(P (9) f) (x) = f (xg) . 

This is a unitary representation of G, and p is the induced representation of the trivial 
representation of T. Denote by p* the associated unitary action of g on C°° (T\G) C 
L 2 (T\G); i.e., for X G g, f G C°° (T\G), 

{p.{X)f)(x)= ^ /(xexp(tX)). 

Because on smooth functions p* (X) / = Xf, we may rewrite the Laplacian as 

A = - (p* x >) 2 ■ 

By expressing the Laplace-Beltrami operator in terms of the representation p, we see that 
irreducible subspaces of the representation are also invariant subspaces of the Laplacian. By 
restricting A to an irreducible subspace of L 2 (T\G), Gordon, Wilson, and Pesce ([20J, 
[26] ) have been able in the two-step nilpotent case to explicitly solve for its eigenvalues 
and eigenfunctions. The Laplace spectrum of F\G is then the union over all irreducible 
subspaces of the spectrum of the restricted Laplacian. The multiplicity of an eigenvalue is 
the sum over the irreducible subspaces of L 2 (T\G) of the eigenvalue's multiplicity in the 
irreducible subspace times the multiplicity of the irreducible subspace in L 2 (T\G). The key 
ingredient that distinguishes the nilpotent case in general, and the two-step nilpotent case 
in particular, is that occurrence conditions, eigenvalues, eigenfunctions, and multiplicities 
can be explicitly expressed in terms of logT and (g, ( , )) using Kirillov theory. For more 
details, see [19] . 

Kirillov ([22j, [23]) proved that equivalence classes of irreducible unitary representations 
of nilpotent Lie groups G are in 1-1 correspondence with the orbits of the coadjoint action 
of G on g*. The coadjoint action is defined by, for x G G, a G g*, 

x ■ a = a o Ad (x 1 ) ■ 

Given a fixed representative a G g* corresponding to a coadjoint orbit, let n a denote the as- 
sociated irreducible unitary representation of G with representation space W a . The possible 
dimensions of W a are either 1 (characters) or infinite. L. F. Richardson Q28J) computed the 
decomposition of p into irreducibles. 

Notation: Given a G g*, let B a : g x g — > E be defined by 

B a (X,Y)=a([X,Y]). 

Let g a = ker (B a ) = {X G g : B a (X, Y) — for all Y G g}, let B a be the nondegenerate 
skew-symmetric bilinear form induced by B a on g/g^, and denote by ±z di, ±z d r the 
eigenvalues of B a . Note logT generates a lattice C in g. Let A a — C,/ (£(1 g Q ). Let 

A Q = A\ Wa . 

In the two-step nilpotent case, H. Pesce explicitly calculated the spectrum of the restricted 
Laplace-Beltrami operator A Q as follows. 

Proposition 6. (Pesce) We continue the notation above. 
(1) 7i a occurs in the representation L 2 (T\G) iff 

a(lo g rng Q ) C Z. 
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(2) Ifir a occurs and a (3) = {0} ; then n a is one-dimensional and occurs with multiplicity 
m a = 1. The Laplace spectrum associated to this irreducible subspace is 

spec(A a ) = {47T 2 ||«|| 2 } • 

(3) If ft a occurs and 0(3) 7^ {0}, then n a is infinite- dimensional and occurs with multi- 
plicity 

m a = J det (B a ) , 

where the determinant is computed with respect to (any) lattice basis of A a C g/g Q . 
The Laplace spectrum associated to this irreducible subspace is 

spec (A a ) = {[i (a,p) : p G (Z> ) r } , 

where 

/j(a,p)=47r 2 Y,a(Z i ) 2 + 27rJ2( 2 Pk + 'L)dk, 

with {Zi, Zi} an orthonormal basis of Q a . The multiplicity of [i in spec(A a ) is the 
number of p G (Z> ) r satisfying fi(a,p) = fi. 

Remark 7. In other words, the multiplicity of an eigenvalue A is the sum of the multiplicity 
of X as an eigenvalue in each A a times the multiplicity ofn a in the representation L 2 (T\G). 

3.2. The Dirac operator on two-step nilmanifolds. As we intend to calculate the eta 
invariant of the spin c Dirac operator, we now extend Pesce's results to the Dirac setting. 
Recall that G is a simply connected n-dimensional two-step nilpotent Lie group with Lie 
algebra g and T is a cocompact, discrete subgroup of G. We fix an inner product on g, 
which corresponds to a left-invariant metric on G, which descends to a Riemannian metric 
on T\G. 

Let E n be a standard irreducible spinor representation (see [SI Section 3.2]), also considered 
as a trivial bundle over G. A spin structure and the corresponding spinor bundle S e over 
r\G are determined by S n and a homomorphism e : T — > {±1} (see [BJ Prop 3.34, p. 114]). 
We have 

L 2 (T\G, E £ ) L\ (T\G) ® c £„, (12) 
where L 2 (T\G) is defined by 

L 2 (T\G) = {/ G L 2 oc (G) : / ( 7 x) = e (7) / (x) for all 7 G I\ x G G) . (13) 

The isomorphism from L 2 (r\G)®cS n to L 2 (T\G, £ e ) is /<8>s ^ fs, where S n is identified 
with the constant sections G — > G x £ n . Clifford multiplication by elements of T (T\G) = 
T\G x g is given by the standard Clifford action o of CI (g) on E n . That is, ^ G g acts on 
L 2 (T\G) ® c E n by 

t«(fs) = f(t;os). 

By construction, (^o) is a constant matrix on F\G for every left-invariant vector field ^. 
Note that the (Clifford) connection on any spinor bundle is given by 

v l = ^ + ^E1^ o )(^) ( 14 ) 

according to the Ammann-Bar formula [TJ formula 1.1], where {Ej} is a left-invariant or- 
thonormal basis of the tangent space, T^- are the Christoffel symbols associated to the metric 
and frame, and 9^ is a directional derivative. In our case, we use the left-invariant metric 
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on g, yielding a (no longer left-invariant) metric on T\G. Then the Dirac operator D on 
r\G acts on L\ (T\G) <g> £„ by 



7^ 

Ei 



D = £ (#•<>) V] 



If p £ denotes right multiplication acting on L\ (T\G), we have 

d 



9e < = It 



p £ (exp (tEi)) 



ps* (Ei) . 



Note that p e is the induced representation of e : V — > {±1} to G. The Christoffel symbols 
are defined by 

v £i £, = £r£.£ fe! 

and the Koszul formula gives 

21* = - (Et, [E jt E k \) + (E v [E k , Ei}} + (E k , [E u £,■]) . 

At this point, the formulas given above are completely general for any Lie group G with a 
left-invariant metric. 

We now assume G is 2-step nilpotent, so that (Ei, [Ej, E k }) = unless E t is in the center 
of g. If g = 3 © with 3 the center and = 3- 1 -, its orthogonal complement, then the inner 
product on g is determined by and determines the map j : 3 — > so (t>) defined as 

(j(Z)X,A) = (Z,[X,A\) (15) 

for all Z G 3 and all X, A G D. See, for example, [T3] , 

Let &o be the dimension of the center and &o + Wo the dimension of g, and we choose the 
orthonormal basis {Zi, Z ko , Xi, X mo } so that {Zi} is an orthonormal basis of 3 and 
{Xi} is an orthonormal basis of 0. Then one easily verifies that 

v z x k = V Xk Zi = ~j (z^ x k , v Xi x k = x - [X u x k \ , v Zi z k = 0. 

We label E 1 = Z u E ko = Z ko ,E ka+1 = X x , ...,E ko+mo = X mo . The Christoffel symbols 
satisfy HL = if at least two of p, q, r are < k or if p,q,r > k . If a < k , b,q > k , 

or« OF a or'' opi) OF? OF'? 

ZL bq — Zi qb — ZL aq ~ Zi qa ~ Zi ab ~ ZL ba 

= (Z a , [Xb- ko , Xq-ko]) = (j (Z a ) Xb- ko , X q - ko ) . 
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Letting 9 Ej = Q = (-EjO), C & 3 = (i? a o E b o E q o), etc., the Dirac operator is 



4 



i a<fco; b,q>ko 

9iCi + ~ ^2 ^bq^bqa + ^q\C q ba + ^aq^aqb + ^Ib^abq + ^l a Cbaq + ^qaPi 

i a<ko; q>b>ko 

y^<9jCj+- y^ r^c a b g 

i a<fco; q>b>ko 

9iCi + - (Z a , [Xf,_fc , X g _fc ]) (-^a ° ° ^C?-fco°) ) 



4 

a<feo; q>b>ko 



SO 



i a<fco; fe<i< m o 

= ^(^p^^+l J] (ZaJ^XjXZaOXftOXiO). (16) 

i a<ko; b<i<m,Q 

The formula above works for any two-step nilmanifold. 

Remark 8. In the three- dimensional Heisenberg case, for some constant A > 0, we let 
|Xi = -^jX,X 2 = -j=Y,Zj be an orthonormal frame with [X,Y] = Z. We choose a basis 
of S 3 = C 2 so that 



Then 



1 

I' 

(ZoX 1 oX 2 o) = -1, 



(Z, [X!,X 2 ]) 



so i/ie equation above becomes 



1 



3 

D = J2 (EiO) d ei 
as seen in [H Equation 3.2], with al 2 T = -j in their notation. 

3.3. Analogue of Pesce's theorem for spinors. In this section, we decompose L 2 (T\G) 
as a direct sum of irreducible representations. Let a G Q*. Recall B a (X, 1") := a([X, Y]), 
Q a = ker B a , so that a ([Q a ,o\) = 0. Let Q a be a maximal polarizer of a, meaning that it is a 
subalgebra of such that a ([Q a ,Q a ]) = and there does not exist a subalgebra $j' with the 
same property such that Q a C q' C g. Note that for every aGg* and every choice of 

Given let G a = exp (g Q ). 
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Lemma 9. (Lemma 4 from [26] Appendix A]) Let a £ q* , a(i) ^ and B a (X,Y) = 
a ([A, Y]) £ Z for all X, Y £ logT. Then there exists a basis {Ui, U m , Vi, V m , W\, Wk}of 
g formed of elements oflogT, and there exist integers ri, ...,r& such that 

(1) We have 

B a (U i ,V i ) = a([Ui,Vi]) = n, 
B a (Ui,Vj) = Oifijtj, and 
BaiU^Uj) = B a (V i ,V j ) = for alii, j. 

(2) {Wi, Wk} is a basis of g a , {Wi, ...,Wk } is a basis of i, ko < k, 

(3) 3nlogr = span z {Wi,...,W fco }. 

As before, logT generates a lattice £ in $j. Let A a = L/ (C D g a ). When % a occurs, this 
will be a lattice in %/% a . 

Proposition 10. (Version of Pesce Occurrence Condition f ^2G\ Proposition 9 of Appendix 

A]) for Dirac spinors) The representation n a appears in L 2 £ (T\G) if and only if 

a(log 7 )£Z+i^M (17) 
for all'-f £ Tr\G a . In this case, the multiplicity ofn a is m a = 1 if a (3) = {0} ; and otherwise 



in,, \l det (B a ), 

where the determinant is computed with respect to (any) lattice basis of A a C %/% a - 

Proof. Items 4 through 8 in [261 Appendix A] apply in this situation. 

If 0(3) = 0, then g = Q a = Q a . Then condition (JTTJ) is equivalent to Theorem [201 In 
addition, using Theorem [221 

m(7T a ,L 2 £ (T\G)) = #((G a \G) E /r) 

= #((G\c) £ /r) = i. 

For the remainder of the proof, we assume a (3) 7^ 0. First, we assume n a appears in 
L\ (r\G). Then, by Theorem [201 there exists a' in the coadjoint orbit of a such that 
(o/, G a ) is an e-integral point, where a' = a o I x [I x = conjugation by x), a' = aoAd(x) 
and G a ' = I x -i {G a ) such that 



>n ^ / Z if £ (7) = 1 

a(log 7 )£| | + z if £ ^ = _ x 



for all 7 £ T fl G a ' . In the two-step case, G a ' = G a since I x (y) y^ 1 £ Z (G) for all x, y £ G, 
and Z (G) C G a C G a . Also in the two-step case, if a, a' lie in the same coadjoint orbit, 
then there exists X £ g such that a' = a o (/ + ad (A)). Thus 

a(log 7 + ad(X)log 7 )£ j ? +z xl^Z 1 -! 

for all 7 £ T fl G a . This implies the same condition is met for all 7 £ T fl G a , in which case 
a (ad (A) log 7 ) = a ([A, log 7]) = 0, by definition of G a . 
On the other hand, suppose 

I - eh) 
a(log 7 )£Z + 
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for all 7 G r fl G a . Note that if X,Y G logT, then [X,Y] G logT since [exp X, exp Y] = 
exp([X, Y}) (since G is two-step). Therefore, a([X, Y]) G Z, since e ([exp X, exp Y]) = 1. 
We can then use Lemma M to construct a basis {U\, Vi, V m , Wi, Wfc} C logT of 
g and integers ri,...,r m such that a([Uj,Vj]) = rj. Set t) = span a {Vi, V m , W\, W^}. 
Then f) is a rational ideal of g, since [h, g] C 3 C f) (two-step condition), and t) is a polarizer 
of a. Set if = exp (h), which is a normal subgroup of G. Note that 

{m k 
exp (y^) JJ exp foW}) : j/i, Zj G ! 
i=i i=i 

Define a (exp (X)) = exp (2nia (X)) for all X G f). By Theorem [20| to prove that n a occurs, 
we need only construct an e-integral point in the G-orbit of (a, H). For x G G, define x i: y i: 
Zj by the formula 

m m k 

x = n exp ( xi>Ui ') n exp (yM) n exp ? 

i' = l i=l j=l 

and define pi, rjj by 

for all Ui,Vi,Wj G R, 1 < z < m, 1 < j < k. By [261 Lemma 7, Appendix A], [261 Theorem 
8, Appendix A], 

{m k 
j J exp (tjVi) JJ exp (sj-W^-) : U, Sj G Z 
i=i i=i 

We need to show that there exists x e G such that (a o J^.) (7) = e (7) for all 7 G if fl T. 
First note that 

(ao/ s )(exp(^)) = a (exp (^ + [log (x),^])) 

= exp (2nia (Wj + [log (x) , Wj])) 
= exp (2iria (Wj)) since Wj G Q a 
= a (exp (Wj)) = e (exp (Wj)) 

since Wj G (logT) H g a . Next, 

(ao4)(exp(^)) = a(exp(V J + [\og(x),V j ])) 

= exp (2yria (Vj + [log (x) , Vj})) 

= exp (2nia (Vj + Xj [Uj, Vj})) 

= exp (2ni (qj + XjTj)) . (18) 

By setting Xj = —y or — — i^- depending on whether e (exp (Vj-)) = ±1, we conclude. 

(5o/ x ) (exp (ty) = e (exp (^)) . 

We have shown that for all 7 G H D T there exists x G G such that (a o J^.) (7) = e (7). 

We now calculate the multiplicity with which 7r a appears. In fact, for x G G, the calcula- 
tions above show that for all X G f), (a o J x ) (exp (X)) depends only on the Xj and not on yi 
or Zj, I < i < m,l < j < k. Thus from (TTBl) the orbit of (a, if) is the set of characters of H 

{( Xq >,H): q 'eR m }, 
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where where after a bit of calculation identical to [26j P-453, lines -8 through -5] 

(m k \ / / m k 

Y[ exp (tiVi) Yl exp {sjWj) ) = exp I 2ni I ^ + ^3 
i=l j=l / \ \i=l j=l 

Then (% ? /, if) is an e-integer point if and only if 

q\ G Z whenever £ (exp (V^)) = 1, 

q\ G - + Z whenever £ (exp (V*)) = —1. 

Note also from (1181) that two £-integer points (x q ',H) and (x q ",H) are in the same T-orbit 
if and only if q\ — q'( G r»Z, z = 1, m. So the number m Q of T-orbits in the e- integer points 
is T\Ti...r m . Next, it is clear that the images of U%, U m , Vi, V m form a basis of A a - So 

det (B~ a ) = det (B a (U u V,)) 2 = (nr 2 ...r m ) 2 = m 2 a . 

□ □ 

4. Decomposition of the Dirac operator on two-step nilmanifolds 

We continue with the notation of the previous section; recall that ko is the dimension of the 
center 3 and n = ko + mo is the dimension of g = 3 © D, and we will choose the orthonormal 
basis {Ei, E n } = {Zi, Zk , Xi, X mo } so that {Zj} is an orthonormal basis of 3 and 
{Xj} is an orthonormal basis of 0. From formula ffl6|) . the Dirac operator is 

n 

D = J2 (^°) P?* ( E i) +4 l X *» X ^ ^ oXb ° X ^ ' 

i=l a<ko; b<i<m,Q 

acting on 

U = L 2 (r\G, G x £ C k ) S L 2 (T\G) ® S n , (19) 
which we decompose using Kirillov theory. 

Choose an element a G g* . Our strategy is as follows. We first construct a subspace 
T-L a of L 2 fr\G, G x £ C fc ) that is invariant with respect to p £ and invariant by D. Once 
we have done this, by Kirillov theory, let 1-L a be the irreducible /9 e -subspace of L 2 (T\G) 
corresponding to the coadjoint orbit of a, and let 

through the isomorphism above. While % a is p e -irreducible, 7i a is not for n > 2. We express 
D acting on H a , and because of the two-step structure, we are able to solve explicitly the 
partial differential equation for eigenvalues via Hermite functions. 

Since Y^h=i Pe* ( E i) is independent of the choice of basis {Ei, E n }, the second 

term is similarly independent of choices and independent of the representation p £ . Define 

n 

M = i Yl (Z a ,[Xb,Xi])(Z a oX b oX^), (20) 

a<ko; b<i<mo 

so that D = D Pe + M with M a hermitian linear transformation independent of invariant 
subspace. Note that p £ and (Yo) commute if (Yo) is a constant transformation — that is, 
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if Y is left-invariant. Thus M commutes with p e because each (Z a , [Xf,,Xi]) is constant on 

r\G. 

As before, we define the symplectic form on g by B a (U,V) := cx([U, V]), and let g a = 
ker B a = {U G g : B a (U, •) = 0}, k a = dimQ a . We have two cases. 

4.1. Finite-dimensional 'H a -irreducible subspaces: k a = n, i.e. a ([0,0]) = 0. In this 
case, Q a = g, and g a = g is a maximal polarizer of a. Then G a = exp (g Q ) = G. Define 

7~la = {c G "H '■ & (hx) = a (h) a (x) for all h G G a , x G G} 
= {a : a (hx) = a (h) a (x) for all h G G, x G G} 

where 



a (h) 



3 2-7ria(log ?t) 



For a G % a , we have, since a ([g, g]) = 0, for p G 



Pe* (U) a (p) 



eft 
d 
di 
d 
d* 



a (pexp (tU) 1) 



d 
dl 



e 27ri«log(pexp(tC/)) (J 



3 27ria(log(p)+tt/+|[log(p),tcn) 



a (1) 



D 2Tvia(log(p)+tU) 



(7(1). 



We have p e * (Z a ) a = 0, and /9 e * (JQ) cr = ^-a = 2nia (Xi) a. Thus, 



D 



^2ma(Xi)(XiO)+ ^ 2ma{Z j )(Z j 



1 



+- ^ (Z tt jX 6 ,*i])(Z <>X 6 <>*<<>) 



(21) 



a<ko: b<i<mo 



which is a constant matrix. The eigenvalues of D\ n are then the eigenvalues of this Her- 
mitian matrix. 

4.2. Infinite-dimensional H Q -irreducible subspaces: k a < n, so that a([g,g]) is not 
identically zero. Choose a new orthonormal basis of g: 

{W 1 ,...,W ka ,U l ,...,U m ,V 1 ,...,V m }, 

where n = k a + 2m, {Wj} is a basis of g a with W x = Z x , W ko = Z ko G 3, W feo+ i, W ka G 

g a nr 1 . 

B a (Ui,Vi) = a([U i ,V i \) = d i >0,0<d 1 <d 2 <---<d m , 

B^UuVi) = Oifi^j 

B a {U t ,U 3 ) = B a (V i ,V J ) = 0for 

Note the similarity with Lemma |9j but we have replaced some of the Vj with their negatives 
in order to make dj positive. We may assume n — k a is even, since the restriction of B a to g^ 
is a symplectic form. Then the polarizing subalgebra g a (meaning that Q a is a subalgebra of 
g such that a ([g a , g a ]) = and is maximal with respect to inclusion) will be chosen to be 

g a = span{V 1 ,...,V m ,W 1 ,...,W ka }, 
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and again G a := exp We have, with a (h) = exp (2%ia (log/i)), 

U a = {a eU: a (hx) = a(h)a (x) for all h G G a , x G G} . 
Let 1-L a be the p £ -irreducible subspace of L 2 £ (r\G) such that 

through the isomorphism f|T2|) . Let /? : H a — > (M m ) be the unitary isomorphism defined 
by (3 (F) (t) = F (exp (£i£/i) ... exp (t m U m )). Note that the map 

teR k ^G a exp (txf/x) ... exp (t m U m ) G G a \G 

pushes the Euclidean metric onto a right G-invariant metric on G a \G. Note that 1-L a = 
(L^ (IR m )), and for x = hexp (tiUi) ... exp (t m U m ) an arbitrary element of G with h G G a , 
and / G £2 (M m ), 

(/T 1 /)^) = {p- 1 f)(hexp(t 1 U 1 )...exp(t m U m )) 
= a (h) /(ti,... 

Here 7r a is the representation of G on H a induced from the character a of G a ; we have for 

/ G ^ai 

(7T Q (a?) /) (y) = (pe X f) (y) = f (yx) . 
We define the representation 7r' a of G on (R m ) by 

n' a (x) = (3 o 7T Q (x) o 

for all x G G. 

For any x,y £ G, let = xyx~ 1 y~ 1 . To compute the action of G on (M m ), recall 

that since G is 2-step (see [26, Section 3]), for any h G G a , 



I] exp (tj-C/,-) /i 



I] exp(tjUj) ,h 



/l EI ex P 



m m m / 

J] exp (tiUi) [I exp (sjf/j) = f] exp ((fy + s^-) exp I - ^ 
i=i j=i i=i v 



l<j<l<m 



tiSj [Uj, Ui 



II exp (tjUj) , h 

3=1 



exp 



For any i 6 G, by the calculations above, there exists ho G G a and real numbers S; G 
such that x = h fl exp (sjE/i). For any / G (M m ), t, s G M m 



\j=l 



1=1 



Since (/T 1 /) (%) =a(h) (/T 1 /) (g), we see 
« (*) /) (t) = a 



.3=1 



ho exp - ^ Ui]\\f(t + s). 

V l<j<Km / / 

We have used the fact that exp ([0,0]) C Z (G) C G a and the calculations above. Since the 
restriction of B a to WJt © ... © RU rn x RC/j © ... © M?7 m is zero, we have 



« (x) /) (t) =f(t + s) e 2^(iogfto+[Er=i*,^.i°s^]). 



THE ETA INVARIANT ON TWO-STEP NILMANIFOLDS 

Now, define the vector w G R m by 



'a(Vi) a(V m ) 

w :— ' 



d% d m 

Define the unitary isomorphism T w : L 2 C (IR' m ) — > L 2 C (R m ) by 

(T w f) (t) = f(t-w), 

and define 

K ( x ) =T w o7r' a ( x ) o T~ l 
for all x G G. We claim that the representation tt'^ = p e * is given by 

<AVj)f(t) = 2mt 3 d 3 f(t), 
<AWj)f(t) = 27ria(Wj)f(t). 

To see this (see also [26, Section 3]), we have for r G M, 

<(exp(r^)/)(t) = (T w <(exp(r^.))T_ w /)(t) 

= (ir' a (exp(rU 3 ))T_ w f)(t-w) 

= (T- w f)(t-w + rej) 

= f(t + re 3 ), 

with ej the j th standard unit vector in R m . Also, 



(1) 



<(exp(rV,)/)(t) = (<(exp(rty) !-_„/)(*-«,) 

= (T_ w f)(t - w ) e 2 ^ rV ^- w ^' v ^ 

_ j ^j.^g2ni(ra(Vj)+tjdjr—Wjdjr) 

= f(t)e 27rit: ' djr . 



We have 



<(exp(rV^)/)(t) = (n'JexpirW^T^m-w) 
= f(£\ e 27via ( rW j) . 
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With Wi = ^i,..., W ko = Z ko , equation (JTB} becomes (see flU}) 

D k = E ^ +4 E (^ a ,[X 6 ,X i ])(Z a oX 6 oX i <>) 

J=l a<fco; b<i<mo 

n 

3=1 

k a mm 

= E (^°) ^« + E cv) ^ + E (^) + M 

j=i j=i j=i 

fc a m q m 

= E 2? ™ a ( W i ) + E + E 27r «*i d i (^i ) + M 

j=l j=l 3 j = i 

m r\ m 

= E M*) + E 2md i (^°) *i + M - 
j=l J jf=l 

where is defined as the constant Hermitian transformation 

M' a = M + E 2ma (Wj) (Wjo) , (23) 
3=1 



with M as in (120j) . 

We have 



= K + E (M^ + 2^(V^. (24) 
= + E (M - 2^ (Uj») (ty>) t,j , 



so that 



where we define 



(25) 



C, = -2™/, (C/,-o) (ty>) , (26) 
a Hermitian symmetric linear transformation. 

4.3. Matrix choices. We now make specific choices of the matrices {Ujo), (VjO), where Uj, 
V r , Wk are from the basis chosen at the beginning of Section I4T21 relative to a particular a. 
We continue to use the positive real numbers dj as defined in that section as well. Note that 
any other choices would yield the same Dirac spectrum. 
Let 

0i = 
1' = 











% 


1 


o ) ' a2 = ( 


—i 





1 














11 


1 
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We view E n = C 



2 Ln/2j 



C 2 . Observe that multiplication satisfies 



[n/2j times 



1 


1' 


0"1 


0"2 


1' 


1 


-icr 2 








1 


-iV 


0"2 


— Z(Ti 


a' 


1 



with multiplication on the left given by the column items. 
Let 

(Uxo) = iax ® 1 ® ... <g> 1, (Fio) = zcr 2 ( 
and in general, for 1 < j ' < m, 



(27) 



(i7,-o) = a' (8) ® (Ti (8) 1 ® ... ® 1, 

(VJo) = zl'® ...®1'®<7 2 ® 1® ...®1, (28) 

where each (fyo) and each (Vj<>) has j ' — 1 leading factors of V and a total of nf = |_^J = 
m + I ^-J matrix factors of size 2x2. Continuing, each (WfcO), 1 < < & a , is chosen to be 

(W k o) = il' ® ...®1' ® a ® 1 ® ... ® 1, (29) 

with a being or 02 according to whether k is odd or even, such that there are at least m 
leading factors of 1' in the above expression. If the dimension k a is odd, then the last matrix 
is chosen to be 

(W ka o) =zl'® ...®1'. (30) 
With these choices, observe that from f l26l ). 

Cj = 2ndj (1 ® 1 ® ...®1 ® 1' ® 1 ® ... ® 1) , 

with 1' in the j th slot. We let 

V£ = e £l ® et 2 ® ... ® ee , (31) 



where each e £% is either e\ 



1 

/' 







i = ( 1 ,with^=(£ 



1) ■■■) <-n' 



e {l,-l} n , then 



{ve} forms a basis of E n . Then 

CjVe = 2iidj£jVe, 

(UjO)v e = i£i£ 2 ...£j-iv £ j = ±iv £ j , 

with & = (^,..,-^,.,40- 

We see that Cj commutes with every Cy, and Cj = 47r 2 d 2 Id. Note that 
|(27rdj^,^) : £ G {1, — l} n J is the set of eigenvalues and simultaneous orthonormal eigen- 
vectors of every Cj, j = 1, m. 

Let p = (pi, ...,p m ) £ Z, m . We let /i p (t) = h Pl (ti) ■■■h Pm (t m ) using the Hermite functions 



M*) = ^ 
/ip (t) = for p < 0, 



e for p > 0, 



(32) 



which satisfy 
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h' p (t) = th p (t) + h p+1 (t) 

h p+2 (t) + 2th p+1 (t) + 2(p+l)h p (t) = 0. 

The first equality is just the chain rule. To see the second equality, note that by the product 
rule and the binomial theorem, 

and the result follows. Combining the two 

h' p (t) = th p (t) - 2th p (t) - 2ph p _ l (t) = -thp (t) - 2ph p ^ (t) . 

Note that {h p (f):pe (Z> ) m } is a basis of L 2 (R m , C). 
For p G Z m , let 

Up,£ (t) = h Pl (^\ / 2ird 1 t 1 ^ h P2 (^/2Ttd^t 2 j ...h Pm [\/2'Kd m t m ^ v e , (33) 

with V£ as in fj3T|) . Observe that u Pt e = if any coordinate of p is negative. Then, using the 
formulas above for h! (t) , 

Q 



at, 



2-KdjtjUpj (t) + y/2-n-djUp+e^e (t) 



+ tjCj ) u Pt £ (t) = (27rd j (£ j - 1)) tju p/ (t) - 2p j ^2-Kd j u p _ e . / (t) 



dti 



= (2irdj(£j + 1)) tjU p> e (t) + ^/2nd j u p+e ^e (t) 
Recall that p has dimension m, and £ has dimension n' = [|J > m. Now, from ( 125]) we have 



= -2 ^ Pj\ / 2ird j (UjO) u p _ ej/ (t) 

j<Tn,dj=l 

+ ( U i°) u v+e 3) t it) + M' a u p/ (t) 

j<m,tj=—l 

= -2 ^2 \ / 2nd j £ 1 £ 2 ...£ j ~iu p ^ ej/ j (t) 

j<m,£j=l 

+ iV^M2---t 3 -iu p+ e 3 p(t) + M' a u p/ {t). (34) 

j<m,£j=— 1 

Often the eigensections can be found as linear combinations of the u Pt i (t). 

We modify the basis so that it is more convenient. For fixed p = (pi,---,p m ) and i = 
(£i, ■■■,£ m , ...,£ n >), let Fj£ be the m-tuple defined by 

Jo if 4 = 1 

ipt)a-\ _1 if£ -_1 • 
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Then 



/ 



u p / (t) 



(35) 



\j<m, l j= -l 



Using the fact that p + + ej = p + E# if £j — — 1 and p + E^ — e,- = p + E# if = 1, 
we compute 



so that 



n-sl TTdjPjiii^-ij-iUp^ (t) 

j<m,£j=l 



j<m,lj=-l 



Du p/ (t) = -2i ^2 y/ndjPj£ 1 £ 2 —tjUp,tj (<) + M' a u P) e (*) 



(36) 



j<m 



5. Heisenberg Examples 

Heisenberg Lie algebras are the only two-step nilpotent Lie algebras with one-dimensional 
center. Let n = 2m + 1; define the n-dimensional Heisenberg Lie algebra by 
q = span {Xi, ...,X m , Yi, F m , Z} with [Xj, Yk] = SjkZ and other basis brackets not defined 
by skew-symmetry equal to zero. The n-dimensional Heisenberg Lie group G is the simply 
connected Lie group with Lie algebra g. A Heisenberg manifold is a quotient of G by a cocom- 
pact discrete subgroup T, where the metric comes from a left-invariant metric on G. From 
[T8| Proposition 2.16], we see that every Heisenberg manifold is isometric to one with the fol- 



lowing metric and lattice. The metric may be chosen for T\G on (X 1; 
to be 



X m , Yi 



Y 

> ■••) 1 mi 



z) 



9a 




9a 
1 



where A = diag (a\, a m ) is a diagonal m x m matrix with positive nondecreasing entries. 

We identify Xi with the matrix £1,4+1, which is the matrix with 1 in the + l)-entry 
and all other entries zero. Similarly, we identify Yj with Ej +1>m+2 and Z with E m+2 ^ m+2 . In 
this section, we define exp (X^ to be the matrix exponential exp = I + E 1>i+1 , and 

we define exp (Yj) and exp (Z) in a similar way. For v G M 2m and z G K., we denote 



/ 1 v 1 
1 



(v,z) 





V 








1 





z 



v 2m 

1 



\ 



log (xi, x m , y x , ...,y m , z) = x x X x + ... + x m X m + y x Y x + ... + y m Y m + [ z - -x ■ y 1 Z. 
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With this notation, 

exp (x x X x + ... + x m X m + y x Y x + ... + y m Y m + zZ) = ^x x , ...,x m ,y x , ...,y m , z + ^x-y 

2 

(37) 

To get from the matrix coordinates to the exponential coordinates, we use the change of 
coordinate mapping 

0, Z) !->■ exp(f 1 X 1 + . . . + V m X m + V m+X Y X + .. + V 2m Yra + {Z~ ~(v X V m+X + ...+ V m V 2m ))Z). 

Every cocompact discrete subgroup Y can be generated by exp (£) and exp (rZ), where 
£ is a 2m-dimensional lattice in R 2m = span {X x , X m , Y x , Y m }, and exp(rZ), r > 0, 
generates a one-dimensional lattice in the center of G. We denote T = T (C,r); note that 
not every choice of (C, r) will yield a cocompact discrete subgroup. Two such Heisenberg 
manifolds determined by (£, r, g^) and (£f,r',gA f ) are isometric iff gjy = g^, r = r', and 
there exists a matrix $ G Sp (m, K)flO (2m, g~X) C M 2 m (M) such that 

$ (£) = a. 

(See [HI Proposition 2.16]). Here, 0(2m,^j) is the orthogonal group, and Sp(m,WL) = 
{(3 G GL (2m, E) : /?* J/3 = ± J} , where J = ^ _° 7 ^ 

5.1. Three-dimensional case. 

5.1.1. Eigenvalues. For our Heisenberg manifold, we choose {X,Y,Z} so that [X, y] = Z 

and |^=X, 2j is an orthonormal frame, with A > 0. With notation as in the general 

case, we choose an element a G g*, which fixes a coadjoint orbit. 

Finite-dimensional irreducible subspaces: If the one-form a (Z) = 0, then q q = q, 
and g a = q is the maximal polarizer of a. Then G a = exp (g a ) = G. Let 



where 



Ha — {/ : — ► S n | for some s G £ n , all h E G, f (h) = a (h) s } 

a(h) = e 27ria{logh) . 



From m), 



D \u a = —a{X){Xo) + —a{Y){Yo) 



2ni 2ni 
—a(X) (Xo) + — 

+^{Z, [X,Y])(ZoXoYo) 

— a (X) (Xo) + —a (Y) (Yo) +—(ZoXo Yo) 
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which is a constant matrix. The eigenvalues of D\ n are then the eigenvalues of this Her- 
mitian matrix. We set 

(Zo) =«'=(* _° ; 

The matrix is 

m f -A -^(a(X) + ia(y)) 



The eigenvalues are 



= <|~+27r|H|,~-27r|H| }. (3.S) 



Infinite-dimensional irreducible subspaces: On the other hand, suppose a (Z) 
a ([X, Y]) = d is nonzero. 

From flU, (J23D, and flM]) we have, since d x = § , m = 1, i = ±1, - ' _ 1 



2 ' 



Up/ (t) i = 1 

tyu p _ 1>e (t) i=-\ ' 



(0 = -2/7 \/tt^ w p ,_ £ (t) + M' a u pe (t) . 



Then 



M' a = ^(Z,[X,Y])(ZoXoYo) + 2ma(Z)(Zo) 

1 ( i \ f i\[A \ ( -v 7 ^ \ n . , ( % 

1 ZTna 



4A 2 V -i J V iVA M v 7 ^ 10 -i 



-2nd - i 
2tk2-^ 



so that 



l/'.O = - ( 27vd£+^) r,. 



and, for £ G { — 1, 1}, p G Z> 



D77,,, (/) = -2/7 V /7rMp ¥p _ £ (t) + (-2^ - ) 77 , (t) 



The p = case («o,-i = — 0) is 



D77„| (/-) = ( -27Td-^ ) 77 , (/) 
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The matrix for D restricted to the span of for p > 1 is 



-2ird-± 2iy/«%p 
-2iJ^p~ 2nd-± 



which has eigenvalues 



AA V A 

Thus, the list of all eigenvalues for the a (Z) = d ^ case is 



5.1.2. Occurrence conditions for lattice. Here, the lattice £ should be a two-dimensional 
lattice, say spanned by v = [v\,v 2 ) (corresponding to the matrix element (vi,V2,0) ) and 
w = (wi, w 2 ). The central lattice is spanned by r (corresponding to (0, 0, r) ). Let Sp (1, R) = 
{P G GL(2, R) : pjp = ±J}. The condition 0* J/3 = ±J is equivalent to det/3 = ±1, so 
in fact Sp(l,R) D 0(2,R) = 0(2,R) . This means we can rotate so that v = (i>i,0) with 
vi > 0, and so that w = (wi,w 2 ) with w 2 > 0. Because v,w, and r generate a cocompact 
discrete subgroup, we must have, for any hi,h 2 ,h,kx,k 2 ,k G Z, 

+ /i 2 u?, hr) (k\v + k 2 w, kr) 

= (vi (hi + k\) + Wx (h 2 + k 2 ) , w 2 (h 2 + k 2 ) ,r(h + k) + hik 2 ViW 2 + h 2 k 2 wiw 2 ) . 

is an element of the lattice, by closure for multiplication. Thus, for any choice of integers 
hi,h 2 ,ki,k 2 , we must have hik 2 V\W 2 + h 2 k 2 W\W 2 G rZ, i.e. V\W 2 ,Witu 2 G rZ. Letting 

v\iu 2 = rm v , w\w 2 = rm w , we have v = f^^jSoY w = {^^-.w^. The parameters are 

A > 0, r > 0, w 2 > 0, m v G Z >0 , m w G Z. (39) 
In our matrix coordinate system, from (1371) we have 

log ( -^-h\ + T —^h 2 , w 2 h 2 , rh ) = ( T —^h\ + T -^-h 2 ) X + (w 2 h 2 ) Y 
\ w 2 w 2 J \ w 2 w 2 J 



4 ( /w- _ ^rhih 2 m v - -rh\m w ) Z. 



The commutator satisfies 



rti H rt 2 , ^2%, rh , «i H £2, W2&2, «;r 



1^2 t^2 / \ ^2 W2 

We now determine a spin structure by fixing e : T — > {1,-1}. Let 

ei = e(v,0) = e( r -^,0,0), 
\w 2 J 

i n x ( rm w 
e 2 = e(w,0)=e[ ,w 2 ,0 



(0, 0, rm v (hik 2 - h 2 ki)) . 



w 2 



e 3 = e(0,0,r). 
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Since £i£ 2 ^i £2 1 = (£3)™" = 1 is the only relation, the values of S\ and £2 are arbitrary (±1), 
but it may be that £3 is restricted by = 1. If m v is even, there is no restriction, but 

if m v is odd, then e 3 = 1. (40) 

Now we choose an arbitrary element a G Q* , we may either choose a = 013Z* or a = 
a\X* + a 2 Y*, since all possible coadjoint orbits may be parametrized by such elements. The 
occurrence condition is calculated on v and w. In particular, a (v) must be an integer or half 
integer depending on whether E\ = ±1. Likewise for a (w). From Section [7J the occurrence 
conditions are: 

rm v . , , 

ai — - G Z + — (41) 



w 2 

a x — - + a 2 w 2 G Z + ^— -, (42) 
w 2 ' 



1 


- £1 




4 


1 


- £2 




4 


1 


- £3 


4 



a 3 r G Z+^A (43) 

The multiplicities corresponding to these representations are as follows. If we choose 
a G g* such that a = aiX* + a 2 Y*, then m a = 1 (see Section [7]). If we choose a G 0* such 
that a = a^Z*, then g a = 3. We have 



nifv = -i / det B, 



'a 



!span{X,Y} 



with respect to a lattice basis of £, chosen to be v = ^^-X, w = ^-^X + w 2 Y, and thus 

B a (v,v) B a (v,w) \ _ ( a([v,w]) 
B a (w,v) B a (w,w) J \ —a([v,w]) 

So 

m a = \a ([v, w])\ = \a 3 \ rm v G Z >0 . 



The conditions ff40|) and (1431) confirm that m a is an integer. 

Now we are ready to calculate the spectrum of the Dirac operator on a general Heisenberg 
3-manifold with spin c structure. Such a manifold with spin structure is given by (£, r, g^, e), 
and it is determined by the lattice basis v = sr^a-X, w = + w 2 Y for C and £1, e 2 , £3 as 

above with conditions ([55]), (H0]h (|4T|), (H2]>, (P]l. 

We now calculate the part of the spectrum corresponding to each coadjoint orbit in g*. 
There are two cases, 03 = and 03 / 0. If £3 = — 1, the condition (j4"3"]l does not permit 
03 = 0. As a consequence, finite dimensional irreducible subspaces do not occur. If £3 = 1, 
condition ( )43|) is satisfied and a = a\X* + a 2 Y*. The conditions ( |4lT) and ( )42l) are satisfied 
if and only if there exist j\ , j 2 G Z such that 



ttl = — Jl 



rm v \ 4 



1 

a 2 = — 

w 2 



. 1 - £ 2 \ m m / . 1 - e 1 
J2 + — - A — I Ji + 



4 / m„ \ 4 
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with eigenvalues 



1 , 1 

-77 + 2n \\a\\ , — — - — 2-k \\a\ 
AA " 11 AA 111 



1 

~AA 



A 



AA 



A 



and the multiplicity of this representation is m a = 1. If a = is permitted — i.e. e = id - 
then % a is no longer irreducible, and the eigenspace corresponding to — is two-dimensional. 

We now consider the case a 3 7^ 0. By (l4"5j) we may choose a G g* in the coadjoint orbit 
such that a = dZ* = - (m + ^—^ A ) Z* 7^ with m G Z, with eigenvalues 



2nd } U 



or in other words 
a n = 



AA 



1 2tt 

"TT I 771 + 

4A r 



l-e 3 



u 



-4l ±2 ' 



7rp 



m + 



l-e 3 



+ 



7T^ 



m + 



l-e 3 



: p G Z 



>o 



and the multiplicity of this representation is 



m, 



m + 



l-e 3 



> 0. 



A special case occurs in [T|, with r = T', A = (d') 2 T', m v = r', p = p', d 
where the primes indicate the notation used in pQ. 

5.2. Eta invariant of three-dimensional Heisenberg manifolds. From (fTTl) . the eta 

invariant of the spin c Dirac operator corresponding to a spin structure on a three-dimensional 
manifold is (n = 3,n = 2,W is trivial so that tr (F w ^) = 0) 



77(0) 



vol(M) + 



3tt 



24tt 2 



/ Seal - 2# (a (D) D (A, 0)) - # (a (£>) H {0, A}) , 



where A < is the point of symmetry of the spectrum, and where the last two terms count 
multiplicities. (Recall the rank of the spinor bundle is two.) 
We have 

is the point of symmetry, and from ([HI Section 2]), 



Seal 



-Tr (j {ZY) = -Tr V 







'j4 



1 



2A 2 ' 



Also, 



vol(M) = rAdet 



rra, rmj. 



UI2 IU2 

w 2 



r Am, : 
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From the expressions for the eigenvalues of a (D), we see that # [a (D) fl { — 43}) is nonzero 
only if the part of the spectrum corresponding to a = G g* is nontrivial. This happens 
only if £1 = e 2 = £3 = 1- Thus, 

# ( a(D)n {"^}) = { otherwise ' 
To count # (cr (D) fl ( — 0)) , the eigenvalues coming from the toral eigenvalues are (see 

©ED) 



1 n „ /«? + a 2 . 1 

-— r + r : < r = 2ttW 1 . 2 < — 
4A V A 4A 

1 . Hall rt „ ,, 1 

— 7 + r : r = 27r ii -^, < a < 



' v^4' 8nVA 

With fixed r > 0, w 2 > 0, m„ G Z >0 , m„, G Z, by ( 141]) . f l42|) the coadjoint orbit represented by 
a = a±X* + a 2 Y* has an associated irreducible representation that occurs with multiplicity 
one if and only if 

OL\rm v ^ 1 — e, 

w 2 4 

rm w 1 — ^2 

a 2 w 2 H «i G Z H — . 

w 2 4 

The relevant nontoral eigenvalues are 

1 27T / l-£3 \ r l-£ 3 

o"a = S — 7-7 m H — : m G Z, -- — - < m H — < 

4A r \ A 8nA 4 



U 



-ta + 2 V 71 h + ^1 + $ ( m + '-r) ■ p e z >o> ™ e z, 

< rp | m + 1^3 1 + irA (m + ±^) 2 < ^ 
with multiplicity m a = m v \m + ^r^l > 0. Letting /i = m + G Z + i^ 2 -, the inequality 



2 



< \fi\ + nAfi < is equivalent to 



:! l " l< silVs + ^-"i- 



so the relevant nontoral eigenvalues in the open interval (— 0) associated to D\ n are 

f 1 2tt _ „ 1 - £ 3 r 



U 



■± + 2^ H + ^ : p G Z >0 , /iGZ + if, 

°<H<2^(\M + ^-^) 



with multiplicities m Q = m v 
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In summary, summing over all coadjoint orbits whose associated irreducible representation 
occurs in p £ , 

*{"^ n {-U- )) - #{ a2W2 + ^ Qie z + i ? ,o<W< 5 ^ 



+m v ^ M + m v Z Z 

f<M<0 o<IH<^( v / 5^-p) 



Likewise, 

# (a (£>) n {0}) = # 



W2 J- 4 ' ll"H Sttv^ 



We now show that the last line produces at most two nonzero terms. If yUi, /i 2 G Z + 
both satisfy \fij\ = + Pj ~ Pi) > and I A*x | ^ l/^l, solving for ^ yields 

k (^/ 1 + 16p? + - /i ^ 1 + 16p2 + = o 



1-E3 



for some positive h,k G Z + and 



4 



If fp2 = Pi, then the equation above implies pi = p 2 - On the other hand,if (|p 2 — Pi) is not 
zero, 



1 - g + 32f PlP2 - 32gpj _ r— — 

- y lop 2 + 1 . 



8f(|P2-Pi) 

Since the left side is rational and the right side is irrational, this is impossible. 
Thus, there are at most two nonzero summands in the expression below. 

^l{^r e +P 2 -p) *^A{\jh+P 2 -p) GZ+i^forsome P GZ >0 
otherwise 



THE ETA INVARIANT ON TWO-STEP NILMANIFOLDS 



35 



Then 



i»v n if i* = g z + —7^ I + m v Yl Yl i/'i 



8^4 11 8^4 fc ^ + 

otherwise 



In summary, 



#(a( J D)n{0}) = # 

+ - p 



( ai) a 2 ):2^eZ+if 
cfcWa + ^ai eZ+^, llall = 




otherwise 



Putting these calculations together, we have 



7/(0) = -^ vo l(M) + ^^Scal-2#(a(- J D)n(A,0))-#(a(- J D)n{0,A}) 



r 2 m„ r 2 ??^ 



+ inn 9 /.? _ N ( A > r ' ^2, m,, m w , e) 



192tt 2 A 2 1927r 2 A 2 

r2m « AT (A \ 
967r2 ^ 2 - N (A, r, u> 2 , m„, m», e) 
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where N (A, r, w 2 , m v , m w , e) is the nonnegative integer defined by 
N(-) = 2#(a(D)n(A,0))+#( ( x( J D)n{0,A}) 

= 2# 



l-e. 



/'I 



^ez+i^s P ez >0 M62 

r <M<0 o<|H<- 



f f«i . aol : 2HZ21L G z + - 

+# 



(a l! a 2 ):2aeZ+^ ) 



W2 «1 ^ " i 4 , 11-11 87rv T4 

^{y/b+f-p) Xih^TE+P'-p) eZ+±^forsome P GZ >0 
otherwise 

f 2 if £l = £ 2 = £ 3 = 1 (u) 

) otherwise 

All the sums above are finite. 

We summarize this result in the following theorem. 

Theorem 11. The eta invariant of the spin Dirac operator on a three-dimensional Heisen- 
berg manifold with parameters A,r,w 2 > 0, m v G Z >0; m w G Z with spin structure deter- 
mined by e = (si, 62,83) G {±1} 3 satisfies 

2 

r m 

V (0) = 96 2^2 - N {A, r, w 2 , m v , m w , e) , 
where N (A, r, to 2 , m v , m w , e) is the nonnegative integer given by the expression 

Corollary 12. From the expressions for r/ (0) , we may consider families of Heisenberg man- 
ifolds with constant rj (0) . For example, if we let 

A = b\r 
w 2 = b 2 \fr 

for some constants b\,b 2 > 0. Holding m v , m w , e, b\, b 2 constant and letting r vary, we 
obtain a family of Heisenberg manifolds with constant r\ (0) yet with different eigenvalues for 
D; even the point of symmetry —jj varies with r. 

Corollary 13. Consider the "rectangular" Heisenberg 3-manifold (i.e. m w = 0). Suppose 
that the following conditions are met: 

(iM>£ 

( 2 ) < < 47r ^ 

Then if the spin structure is nontrivial (e 7^ id), 
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Otherwise, 

f n \ r2l7l v o 

5.3. Dirac Operator eigenvalues for general Heisenberg nilmanifolds . We use the 

notation of Section HI Suppose that ko — 1 is the dimension of the center 3 and n — 1 + mo 
is the dimension of q = 3 © 0, and we will choose the orthonormal basis {Z, Xi, X mo } so 
that Z is a unit vector and {X,} is an orthonormal basis of t>. From formula f ll6p . the Dirac 
operator is 

1 

£> = 53 (^0)^(30+- (ZA^X^iZoX.oX.o), 

i=l b<i<mo 

acting on 

U = L 2 (T\G, G x £ C k ) = L 2 £ (T\G) <g> E n , 
which we decompose using Kirillov theory. Using notation from Section HI the cases are: 
Case 1: k a = n, i.e. a (Z) = 0. 
As in (|2U, 

mo , 

=532 7 rza(X i )(X i o)+- ^ (Zj^X^^oX.o^o), (45) 

i=l b<i<mo 

which is a constant matrix. The eigenvalues of D\ n are then the eigenvalues of this Her- 
mitian matrix. 

Case 2: k a < n, so that a (Z) ^ 0. 

For every noncentral vector v, there exists a vector w such that _B a {v,w) = a([v,w]) = 
a (Z) 7^ 0; we must have = 3 and k a = 1. From f l2"Uj) . f l2"3"j) . f[3"61) . the Dirac operator may 
be expressed in terms of the basis {u p /} as 

Du Pt i = - 53 2i V ndjPj£ 1 £ 2 -&jU Ptt j + M' a u p/ , 
j 

where in this case 

^ m 

ilOl p/ = 2ma (Z) (Zo) u p/ + - 53 (Z, V-]) (Z o [/,■ o Vjo) u p4 . 

i=i 

We use the matrix choices of Section 14.3} and for convenience, we let 

Z = i l' © . . . © V , 

m times 

and thus, since (Z, [Uj, Vj]) = dj , the formulas fl28l) and (1271) yield 



U> p , = I -2 7 ra(Z)£ 1 ..i m - - J3 I 

\ j<m / 



In summary, 



Du Pt e = - 53 2iy/KdjPj£i£2...£jU p jj + ( -27ra (Z) 4-C ~ 7 T~l dj£i..lj..l m j u p ^, (46) 

j \ j<m / 

and we have the following. 
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Proposition 14. The infinite- dimensional subspace T-L a decomposes on any Heisenberg man- 
ifold as a direct sum of finite- dimensional subspaces that are invariant by the Dirac operator. 
In particular, the Dirac operator acts by the formula fijffl on the finite- dimensional invariant 
subspace 

U p = span {u p j : £ G {-1, l} m } . 

Remark 15. For any specific example of a Heisenberg manifold, the formula ( L73] ] allows us 
to calculate the eigenvalues of D restricted to the finite- dimensional representations spaces 
H a with a (Z) = 0, and the previous proposition allows us to calculate all other eigenvalues 
of D explicitly. 

5.4. Vanishing of the eta invariant for (2m + l)-dimensional Heisenberg manifolds 
with m even. 

5.4.1. Symmetry in the toroidal part of the spectrum for Heisenberg manifolds. Suppose that 
we are given a (2m + l)-dimensional Heisenberg manifold, and a G g* is chosen so that 
a (Z) = 0. Then we may choose an orthonormal basis {A\, A2, A m , B\, B2, B m } of 
Cg with the following properties: 

(1) a(Aj) = if j> 2, = if j>l; 

(2) [Ai, Bj] = djdijZ for some real numbers aj. 

(Simply choose A\ orthogonal to kera and continue to form a symplectic basis of 
Then the restriction of D to the subspace % a is 

m . 

D \n a = ^27rzapQ(X,o)+- ^ (Z, [X b , X t }) (Z o X b o X t o) 

i=l b<i<mo 
^ m 

= 2-rria (Ai) (Ai<>) +- ^ a j ( Z A i B i°) • 

i=i 

If m is even, then observe that Xi o J 2 o ...X m o anticommutes with D\ n and is also 
invertible. Thus, it maps the A eigenspace of D\ n isomorphically onto the —A eigenspace of 
D\ n , and therefore the spectrum of D\ n is symmetric about zero and does not contribute 
to the eta invariant. 

A more complicated argument can be used to show that for all m > 2, the spectrum of 
F)\ Ua is symmetric about zero. Let 

Lj = Z o Aj o BjO 

for 1 < j < m. Observe that Lj is symmetric, I?- = 1, and LjL^ = L^Lj for all j, k. Also 
A20 is invertible and anticommutes with L\, and Ai<> anticommutes with Lj for j > 1. Thus, 
the dimension of the +1 eigenspace of Lj is the same as the dimension of the —1 eigenspace 
for Lj, and there exists a basis of simulaneous eigenvectors of S n = C 2 ™. Let {v\, i^m-i} 
be the subset of this basis consisting of +1 eigenvectors of L2. Since A2 commutes with 
L2 and anticommutes with Li, the +l-eigenspace of L2 is a direct sum of +1 and — 1 
eigenspaces of Li in equal dimensions. Thus, we may further assume that {vx, ...,v 2 m-2} 
are +l-eigenvectors of L\ and that {v 2 ™-2 + i, v 2 ™-i} are — 1-eigenvectors of L 1 . Then 
{vi, ...,v 2 m-i ,iAiVi, ...,iAiv 2 m-i} provides a basis of C 2 ™ for which D\ H corresponds to a 
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block matrix with 2 m 2 - dimensional blocks of the form 

/ Q + R I \ 

-Q + R / 

X I Q-R 

\ J -Q-R J 

where x is a scalar and Q and i? are (commuting) diagonal matrices. A simple argument 
shows that the characteristic polynomial of such a matrix is an even function, and thus the 
spectrum of D\ n is symmetric about zero and does not contribute to the eta invariant, if 
m > 2. We summarize the results in the following theorem. 

Theorem 16. On any Heisenberg manifold of dimension greater than 3, the restriction of the 
Dirac operator to any invariant subspace T-L a with a (Z) = has spectrum that is symmetric 
about 0. 

Remark 17. No Heisenberg three-manifolds have this property; see (E2J). 

5.4.2. Symmetry in the infinite- dimensional irreducible subspaces. Next, suppose that a G Q* 
is chosen so that ct(Z) ^ 0. Let U = span {u p / : p= (pi,...,p m ) G (Z> ) m , £ G { — l,l} m }. 
Let L : U — > U be the linear map defined by 

L {up,i) = S e u p -e , 

where 8i = ±1 according to an unspecified formula. Note that L^ 1 (u p .e) = 5e5-eLu P) e = 
5_£Up_e. Now, we have 



L 1 DLu P £ = 5iL l Du p _i 

J2 j 2i^/^ j £ 1 £ 2 ..l j (-l) j u p , 



5 e L- 1 



3 

m— 1 \ — 



+ {-2-Ka (z) £ x ...t m (-i) m - \ E,.< m d j e 1 ..I j ...e m (-i) J 



Up-t 



- J2j 2i- s /-KdjPj£ 1 £ 2 ...£j (-1) J 5i>ju p p 
+ (-2na (Z) £ x ...£ m (-l) m - \ ^.< m d j £ 1 ...£ j ...£ m (-I)™" 1 ) 6 e u p ,t 

~^2i (-1) J 5 l3 yfndjp j l l l 2 ---£jU p p 

3 

+ (-I)™' 1 U-Ka (Z) £ x ..l m d/l-lylm J Up,/- 

For the case where m is even, we define bi = (£i) 2 (£ 2 ) 3 ••• {£ m ) m+1 , so that 5^5i{—iy = 
(— (— iy = —1, and thus, the matrix for L~ l DL is the negative of the matrix for D 
with a (Z) replaced by its negative. Thus the spectrum a a satisfies a_ Q , = —o a if m is even. 
The following result follows due to the symmetry of the eigenvalues, since a occurs if and 
only if —a occurs; see (JTj 



Theorem 18. Let M be a (4m' + 1) -dimensional Heisenberg manifold with m' G Z>o. Then 
the eta invariant of the spin c Dirac operator associated to any spin c structure is zero. 
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Remark 19. For the case where m is odd and the dimension is 2m + 1, we define 5% = 
(^i) 1 (^) 2 ••• {f~m) m , so that 5(j8g (— iy = 1; we see in that case that the matrix for L~ 1 DL 
is the same as the matrix for D with a (Z) replaced by its negative. Thus the spectrum o~ a 
satisfies <x_ a = a a if m is odd. Moreover, the eigenvalues of the Dirac operator need not be 
symmetric about ; and the eta invariant need not be zero, as can be seen from the m = 1 
case in Section [57B . 

6. Example of a five-dimensional non-Heisenberg nilmanifold 

The purpose of this section is to exhibit an example of a two-step nilmanifold for which 
the techniques used above fail to produce the Dirac eigenvalues as eigenvalues of finite- 
dimensional matrices. We use the notation of Section [4] with a specific class of examples. We 
have that k^ = 2 is the dimension of the center 3 and mo = 3, and we have the orthonormal 
basis {Zi, Z 2 , X, Y 1} Y 2 } so that each Zj is a unit vector and {X, Yi,Y 2 } is an orthonormal 
basis of t>. The only nontrivial bracket relations are [X, YjJ = Zi, [X, Y%\ = Z 2 . From 
formula ([16]) . the Dirac operator is 

5 1 

i=l i=l,2 

acting on 

H = L 2 (T\G, G x £ C 4 ) = L 2 (T\G) g> E 5 , 
which we decompose as follows. For a G Q*, the subspace H a of L? (T\G, G x e C k ) is invari- 
ant with respect to p £ and invariant by D. If T-L a is the irreducible /9 e -subspace of L 2 £ (T\G) 
corresponding to the coadjoint orbit of a, we have Ti a = H a <8> S n . As before, define the 
symplectic form on g by B a (u, v) = a([u,v)), and let Q a = ker B a = {u G Q : B a (u, ■) = 0}, 
k a = dimg^. 

6.1. Finite dimensional ^-irreducible subspaces: k a = 5, i.e. a (3) = 0. As in ( 12T1) . 

D\ Ha = 2-Kia (X) (Xo) + 2lTia ( Y 'j) ( Y j°) +4 Zi X Yi ■ 

j=l,2 i=l,2 

The eigenvalues of D\ n are then the eigenvalues of this constant Hermitian linear transfor- 
mation. 

We make the specific choices of the matrices (Ej<>) as in Section 14.21 Note X n = C 2 = 
C 2 ®C 2 . We have 

(Xo) = il' ® 1', (Yxo) = io x ® 1, (Y 2 o) = ia 2 ® 1, 
(Z10) = zl'gJo-i, (Z 2 o) =il / ®<7a, 
Recalling ( 1271) . our matrix is (using basis i^i, Ui,-i, U-1,-1 ) 

D\ Ha = 2nia (X) (Xo) + ^ 2nia (Yj) (Yjo) +-^^0X0^0 

j=l,2 i=l,2 

= -2na (X) 1' ® 1' - J2 2na a J ® 1_ 7 Yl ( V ® t 1 ' ® (°i ® X ) 

i=i,2 i=l,2 

= -27ra (X) 1' ® 1' - 2na °i ® 1+ \ ( a i ® a 2 - 0~ 2 <g> 0"i) 

i=i,2 
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/ -2na (X) -2ixa (YJ - i2ira (Y 2 ) 

-2na (Yx) + i2na (Y 2 ) 2ita (X) | 

-| 2na{X) -2ixa (Fi) - i2na (Y 2 ) 

-2vra(Yi) +i27ra(F 2 ) -2vra (X) 

We may then determine that the four eigenvalues of D\ n are: 

^ ± ^Mix 2 a (X) 2 + 16™ (X) + 647r 2 a (Vi) 2 + Mn 2 a (Y 2 f + 1, 



V 



-- ± ^64n 2 a (X) 2 - 16tt« (X) + 64yr 2 a {Y x ) 2 + 64vr 2 a (T 2 ) 2 + 1. 

Using the a h- > —a symmetry, for a typical nilmanifold, this portion of the spectrum will 
be symmetric about zero. 

6.2. Infinite-dimensional H a -irreducible subspaces: k a < n, so that a (3) 7^ 0. In 

this case, a typical coadjoint orbit has an element of the form a = b 2 Y 2 + g\Z{ + g2Z 2 , with 
gi, g 2 not both zero. 

Choose a new orthonormal basis of g: 

^ = 9l Z,+g 2 Z 2 ^ = -g 2 Z 1 + gi Z 2 ^ = -g 2 Y x + 9l Y 2 u = x y U2Y2 



"gj+gj 



'g\ + g\ 



'g\ + g\ 



where {Wi, W 2 , W 3 } is a basis of g a , B a (U, U) = B a (V, V) = 0, and 

giYi + g-iY-i 



d := B a (U,V) = a([U,V]) = a 



X, 



gl + gl 



Vgf + 9l 

Then the polarizing subalgebra Q a will be chosen to be 

g a = span{V,W 1 ,W 2l W 3 }, 

and again G a := exp (g a ). 
Equation (124"1) becomes 

D = (Uo) I- + 27iid (Vo) t + M' 
at 

where M' a is the constant Hermitian matrix (using Xi = U, X 2 = V, X 3 = W3, Wi, W 2 , ko 
2, ttiq = 3, k a = 3, m = 1) 

1 3 

M r a = - ( w - \. x bi x i\) ( w ° oX b<> x i°) + 2ma (^°) > 



a<2; 6<i<3 



from (EflD, (J2HD- 
We calculate 



so that 



[X 1; X 2 ] = [[/, = Wi, [Xx, X 3 ] = W 2 , [X 2 , x 3 ] = 0, 
- (Wa^X^X^iWaOX.oX.o) 



M 



4 

a<2; 6<i<3 

^VKi X 1 o X 2 o +^W 2 o X 1 o X 3 o . 
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Again we make the specific choices of the matrices (Ej<>) as in Section I4.3[ with 



Then, since a (W 2 ) = 0, a (X 3 ) = *^,a (Wi) = d = ^ g\ + g$, we use to obtain 

M' a = ^W 1 oX 1 oX 2 o+-W 2 oX 1 oX 3 o+2'iria{W 1 )W 1 o 
+2ma {X 3 ) (X 3 o) 

= - (il' <g> ax) {ia x ® 1) {ia 2 ® 1) + - (il' ® <x 2 ) (i<n <g> 1) (il' ® 1') + 2vr^ (il' <n) 

+27TZ^ (il' g» 1') 
a 

1 1 , / Q\b 2 , , 

= — 1 ® cti + -cri ® tri - 27rdl ® 04 - 271-^-=-! ® 1 
4 4 a 

We need to determine what M' a does to the basis {%,/}. We have 



(Xro) 
(W 1 o) 



io x <8> 1, (X 2 o) = «r 2 ® 1, (X 3 o) = il' (8> 1' 
il' <g> cr l5 (W 2 o) = zl' ® cr 2 , 




if £1 = 

V^Mp-i,^ if t\ = -1 



Then 





(T <g> ai) 



£1 (1 <g> cri) 



(!' (g) 1') = £\l 2 u V £ 
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Substituting, 



M' a u Pie = (-^l®o 1 + ^a l ®a 1 -2ndl'®a 1 -2it f ^l'®l' S j u p/ 
1_ If 

= -T*V 2 + l{V 2 P) u P+h-i 



—2irdl\U p ,t? — 2n^-^-£i£ 2 u p / 

1 \_ If j \~ £l _ <7l&2 _ 

2-ndii u Pyi 2 + - y/2p) Up+^i,-^ - 2tt——£ 1 £ 2 u P: e. 



4 — y 4 

From fl36|) . we have 

= —2iy/ 7rdp£iUp£i + M' a 



Up jt 



—2%\/ 7rdp£iU p> fi + ^— - — 27rd£i^ 

+ ^ (a/^p) u p+£l -e - 2TT^-£ 1 £ 2 Up i i 



There are no apparent invariant subspaces for D spanned by a finite number of the u p / . 
The matrix for D is an infinite band matrix. This shows the difficulty of computing the 
Dirac eigenvalues for a general nilmanifold. 



7. Appendix: CCMoore/LenRichardson Papers and Adaptations 

7.0.1. Occurrence and Multiplicity Condition. Let T be a cocompact (i.e., F\G compact) 
discrete subgroup of the simply connected nilpotent Lie group G. Let e : V — > {±1} C 
GL (C fc ) be a homomorphism. Denote by U £ the representation of G induced by e; in 
particular, 

U £ = L 2 £ (T\G) = {f:G^C k :f{ 19 ) =e{i)f(g) for all g G G, 7 G T} , 

where the (left) action of G on U e is given by interior right multiplication. Note that if 
e =id, then U £ = L 2 £ (T\G) is the direct sum of k copies of the quasi-regular representation 
U = L 2 (r\G). As in the quasi-regular case, standard results in representation theory imply 
in general that U £ can be decomposed into the direct sum of irreducible representations of G, 
each with finite multiplicity. A good reference for the standard representation theory used 
in this appendix is [12] . 

Our motivation for this construction is that spin c structures over nilmanifolds F\G 
correspond exactly to homomorphisms e : T — > GL (C fc ) , where the image of e lies in 
the set {±1}, and k = 2 L"-/2J _ resulting spinor bundle is S e = G x e C h = G x 

C fc / / {((7,w) : (g,v) = (7*7, e^v) for all 7 G T}; see [6, Prop 3.34, p. 114]. The sections of 
this bundle are elements of U £ , on which the Dirac operator acts. 

In the quasi-regular case (e = id), L. Richardson and R. Howe, building on work of C. C. 
Moore, independently proved an exact occurrence condition and multiplicity formula; they 
determined the irreducible representations tt of G that occur in U = L 2 (r\G) and the 
corresponding multiplicities m(7T,U). The purpose of this appendix is to generalize their 
occurrence and multiplicity formula from the quasi-regular to the case of general e. 

Before stating the main results, we require the following definitions and observations. 
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Denote by G the set of equivalence classes of irreducible unitary representations of G. The 
Kirillov Correspondence is the bijection between the set of orbits of the co-adjoint action of 
G on g* and G. In particular, Kirillov Theory proves that to each a £ g* corresponds an 
irreducible unitary representation 7r a of G, every irreducible representation of G is unitarily 
equivalent to such a % a , and two such irredicuble unitary representations n a and 7r a / are 
unitarily equivalent if and only if a' = aoAd(x~~ l ) for some x £ G. Kirillov Theory applies 
mainly to nilpotent Lie groups, with generalizations to some solvable groups. 

Choose a £ g* and let f) be any subalgebra of g. Let if = exp (f)) be the unique simply 
connected Lie subgroup of G with Lie algebra t). The subalgebra f) or the subgroup ff 
is subordinate to a iff a ([f), f)]) = 0. If in addition f) is maximal with respect to being 
subordinate, then fj is called a maximal subordinate subalgebra for a, or a polarizer for a. 

The explicit mapping between elements of g* and G is as follows. Since G is nilpotent and 
simply connected, the exponential map is a diffeomorphism with inverse log. For a £ g*, 
let {) be a maximal subordinate subalgebra of a. Define a (■) = e 2ma ^ og ^\ which is a 
character on H — i.e., a (complex) one-dimensional representation. The irreducible unitary 
representation n a is the representation of G induced by the representation a of if. 

Recall that we have fixed a cocompact, discrete subgroup V of G. We call the pair (a, ff ) 
rational (with respect to T) if it can be constructed with respect to a rational covector 
a, i.e. a(logr) C Q.We call the pair (a, ff ) a special maximal pair if log if = t) is a 
maximal subordinate subalgebra for a that is special in the sense that it is algorithmically and 
inductively constructed from a and T as described in [281 PP- 176-178]. As Kirillov theory 
dictates that the representation n a is independent of the maximal subordinate subalgebra 
(up to unitary equivalence), and as Richardson's paper shows that any covector a has a 
special maximal subordinate subalgebra, this additional property is not a restriction. We call 
(a, if) an e-integral point if and only if for all 7 £ V H if, a (7) = e 2ma ^ og ^ = e (7). The 
equivalent condition on the Lie algebra level is, for all 7 £ V fl H, 



Let 7r £ G be induced from a £ g* under the Kirillov correspondence. Let F be the 
family of special maximal characters of tt, that is all possible pairs (a, H) that induce 7r with 
P) = log (if) a special maximal subordinate subalgebra. Now L. Richardson proved that x 
£ G acts on F via 





where i x denotes conjugation by x, the function a x = aoI xy and ^ x ii = x 
Note that (a, H) ■ x is an e-integral point if and only if 



Hx = i x -i (if). 



a x (7) = e (7) 



for all 7 £ T n x ff if and only if a (7) = £ (7) for all 7 £ l x T n ff. 



We may now state the following main results of this Appendix. 



Theorem 20. If ir is induced by the special maximal character (a, if) under the Kirillov 
correspondence, then m (tc, L\ (r\G)) > if and only if there is an e-integral point in the 
orbit (a, if) • G. 
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Lemma 21. Assume that m (jr, L 2 e (T\G)) > 0, and let the special maximal character (a, H) 
induce 7r under the Kirillov correspondence. The action satisifes (a, H) ■ x = (a,H), iff 
x G H , so that we may identify the G-orbit of (a, H) with H\G. If (a, H) is an e-integral 
point and if 70 G T, then (a, H) ■ 70 is also an e-integral point. 



Theorem 22. If the special maximal character (a, H) induces it under the Kirillov corre- 
spondence, then the multiplicity of tt in the e-quasi regular representation U £ = L\ (T\G), 



7.0.2. Proof of Occurrence and Multiplicity. The proofs of the Lemma and Theorems follows 
the outline in L. Richardson's paper closely. We verify that a few key Lemmas of C. C. 
Moore extend to the e-quasi-regular setting, and from there the proof primarily follows that 
of L.. Richardson verbatim, after substuting our Lemmas for those of Moore, and replacing 
"integral point" with "e-integral point." 

For any % G G, suppose there exists 70 G T such that X = exp (Rlog (70)) is a one- 
dimensional rational normal subgroup of G and 7r (X) = 1. Let if be the natural projection 
of G onto G = G/N , so T = Y ■ N/N = <p (T) is a cocompact discrete subgroup of Go- 
Then the representation tt of G defined by tt (ip (g)) = -ir (g) is well-defined and irreducible, 
hence an element of Go (see [23 Lemma 2.1]). 

Lemma 23. Generalized e-Reduction Lemma, (generalization of [23 Lemma 2.2], quoted 
as [2H1 Lemma 2.6}) 

Note thate induces a homomorphism of To iff e (70) = 1. With notation as above, denote by 
Uq £ the representation ofG induced by the e -homomorphism ofT , if it exists. Ifm (n, U e ) 7^ 
then £(70) = 1, and the multiplicity m(iT,U £ ) of n in U £ is equal to the multiplicity 
m (7r , U Qe ) of -K in U 0e . 

Proof. By normality, N G Z (G). This follows from the Campbell-Baker-Hausdorff formula, 
since for vectors A G log G, and X G log N, we have exp (A) exp (X) exp {A~ 1 ) = exp (rX) = 
exp (X + [A, X] + c 2 [A, [A, X}] + ...). Let ad (A) k (X) be the first zero element of the se- 
quence (X, [A, X] , [A, [A, X}} , ...). Because G is nilpotent, 



|X, [A, X] , [A, [A, X]} , ad (A)^ 1 (X) j is linearly independent. Since rX = X + [A, X] + 

c 2 [A, [A,X]] + we have [A,X] = 0. Note that since n (N) = 1, if m(ir,U £ ) ^ 0, 
U £ (n) f = f for all n in X and / in the corresponding invariant subspace H^. This 
means that while / (7*7) = e (7) / (g) for all g G G, 7 G T, it must also be true that 
(U e {n) f) (g) = f (gn) = f ing) = f (g) for all n G N. If n G Y D X, then in addition we 
have f (gri) = f (ng) = f (g) = s(n)f(g), which implies that 5(7) is the identity and e 
induces a homomorphism of T . Thus e restricted to T R X acts trivially on the image of 
the sections of T-L n . Let M = T\G. We can project M onto M = r \G , and M becomes 
a fiber bundle over M with circle T = (r D X) \X as fiber. Let 



n N = {/ : G -> C k :f(jg) = e (7) / (<?) for all 7 G T and / (gn) = f (g) for all n G X} , 



which is the set of sections on M that are constant on the fibers of M — > M , i.e. such 
that U £ (n) f = f for all n G X. This is an invariant subspace of U £ , because for such /, 
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U E (n) U £ (g) f = U £ (g) U £ (n) f = U £ (g) f for all g G G, n G N. The projection of the 
space of all sections onto T-L N lies in the center of the commuting algebra of U e ; that is, the 
projection of U £ onto an invariant subspace must commute everything that commutes with 
U e , because if L commutes with U £ , then TL is also an invariant subspace of L, and thus 
the projection onto % N commutes with L. Let Un be the restriction of U £ to H N , and we 
define Un (v( n )) = Un(p), the corresponding representation of Gq. Using the realization 
of U n q on sections of M that are constant on the fibers, we can also realize U n on the space 
L? (M , S £ ). It is clear that Un is equivalent to Uo £ . We also have m (it, U £ ) = m (%, Un), 
since 7r is trivial on N, and m (it, Un) = m (ttq, Un ) = m (ttq, U 0e ), as desired. □ 

Lemma 24. (Pukansky, as stated in [2E1 Lemma 2.2]) Let g be a nilpotent Lie algebra with 
one dimensional center 3 =M.Zi, with G and V as above. Then g =IRX 1 © MYi © M.Z1 © q' , 
where [X u Y x ] = Z x . Let % x =Wf x © RZ 1 © g' = {X G g : [X, Y{\ = 0}. The elements Y u Z 1 
may be chosen to lie in logT; i.e., g± may be chosen to be rational with respect to the 
cocompact discrete subgroup F of G. 

Theorem 25. Kirillov's Theorem (as quoted in [281 Theorem 2.3],) 

If G has one dimensional center, then every irreducible representation n of G such that 
7r is non-constant on the center is induced by a necessarily irreducible representation of 
G\ = exp (fji), with gi as in the previous Lemma. 

Definition 26. We call the subgroup G\ from the previous theorem a Kirillov subgroup. 

Theorem 27. e- Generalized Moore's Algorithm (generalization of Moore's Algorithm, quoted 
as [23 Moore's Algorithm 2.7}). 

Let 7r be an irreducible representation of G, where G has a one dimensional center Z(G), 
and 7c\z(G) id- Let ttx be an irreducible representation of G\, a rational Kirillov subgroup 
of G having codimension one, such that ~K\ induces tc. Define nf (x\) = tx\ (xx\x~ x ) for x in 
G and x\ in G\. Let U\ £ be defined for G\ and ^ = TnGi as U £ is defined for G and T. Let 
G\ denote the dual space of equivalence classes of unitary irreducible representations of G\. 



Let A' = < pi G G\ : m (pi, U\ E ) > and p\\z{G) ^ Id>. For all 7 G T, since G\ is normal 



and -fT^- 1 = T, Ul £ ^ U u . Thus m (pj, U u ) =m(p u U l£ ), or {pj : Pl G A'} = A'. Let A be 
a subset of A' that meets each V -orbit in A 1 in exactly one element. Then 



Proof. The proof closely follows that in [25l pp. 151-153]. 

Let Z 2 (G) be the subgroup of G such that Z 2 (G) /Z (G) is the center of G/Z (G). The 
group Z2 (G) is a rational subgroup of G (with respect to any lattice), see for example [121 
Chapter 5], and we may choose a rational subgroup W of Z2 (G) (and G) of dimension 2 
that contains Z (G). The centralizer Go of W then has codimension 1 in G and is a rational 
normal subgroup (see [2H1 Lemma 2.2], quoted from [22]). Finally, since G is codimension 
one and normal, we can find a rational one-parameter group S such that G = Gq x S. 

We now use the following, whose proof can be found in any book on Kirillov theory. 
Denote by Uo E the representation of Go induced by the homomorphism e. 

Lemma 28. Ifir G G and ifir is nontrivial on Z (G), then it is induced by some ir G Gq. The 
set of all representations of Gq that induce n is the orbit of hq under G; that is, {tTq : x G G} 
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and 7Tq = 7Tq iff' x = ymodGo, where tTq = n o i x . If n is the restriction of n to Gq, then 
7f = J G / Go tTq dx = j s 7Tq dx' , where dx and dx' refer to Haar measure in G /Gq = S . 

Now let (U £ ) s be the subspace of U e complementary to the stabilizer of U e \z{G)- The 
projection onto the subspace corresponding to (U £ ) s is in the center of the commuting algebra 
of U £ (see similar argument in the proof of Lemma 1231) . Thus if n is nontrivial on Z (G) and 
occurs in U £ , then it occurs in (U £ ) s just as often. Thus, 

JJ £ = ^2m(ir,U £ )n 

where B is the subset of G consisting of those 7r that are nontrivial on Z (G) and such that 
m (-7T, U £ ) > 0. For each ir G B, choose a 7r G Gq that induces tt. If (U £ ) s is the restriction 



of (U £ ) s to G 



0: 



= ^m(7T,C/ e ) / rfdx. (47) 

On the other hand, we can decompose U e , the restriction of U £ to Go, by using Mackey's 
subgroup theorem. Indeed, let Uq £ be the representation of Go induced by the e-representation 
of xTx~ l H Go = x (r fl Go) x -1 (since Go is normal). Note that as x is fixed, we can ex- 
tend the definition of e to xTx^ 1 . It is clear that Uq e is the conjugate by x of Uq £ ; i.e., 
Uq s (n) = (U 0e ) x (n) = UQ £ {xnx^ 1 ). Then by Mackey's Theorem ([2H Theorem 12.1]), Uq £ 
depends only on the double coset r • x ■ G of x. But G is normal, and T ■ x ■ G = T ■ G ■ x 
is a coset of the subgroup TGo- We know that TGo is closed ( basic fact about nilpotent 
groups: T is cocompact discrete, Go is normal in G ), and thus the double cosets fill out the 
group, allowing us to apply Mackey's Theorem. 

Finally, (also by Mackey) 

TT £ = f Uldy. 

Jr-G \G 



Now, if (U £ Y is the part of U £ that is orthogonal to the stabilizer of Z (G), then (U £ Y = {U £ ) s , 
since the center is in Go- Finally, if {Uq £ ) s is the similar subrepresentation of Uq £ on which 
Z (G) acts nontrivially, then one immediately deduces from the above that 

(u £ y = m" = f ((u 0E yy d y . 

Jr-G \G 

We write 

(U 0£ ) s = ^2 m(X ,U 0£ ) X , 
x eA' 

where A' is the set of elements of Go that do not vanish on Z (G) and for which m (Ao, Uq £ ) > 
0. We are using the fact that m (Ao, ^oe) = m (Ao, (Uo £ ) s ) for Ao G A'. 

If 7 G T, then 7F7' 1 n G = T n G , and from this it follows that {{U 0£ ) s y = {U 0£ ) s . 
Therefore, we have m (Ag, Uq £ ) = m (Ao, Uq £ ), and thus 7 • A' = A'. Now let A be a subset of 
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A' such that A meets each orbit of T on A' in exactly one element. Since Go acts trivially 
on Go and hence on A', a TGo-orbit in A' is just a T-orbit in A'. Moreover, Go (by Kirillov) 
is the subgroup of TGo leaving any point in A' fixed. Therefore, we can write 

A 6A s£T-Go\G 



and thus 



(U £ ) s = ^m(A 0) (/ 0£ ) 

A eA 



r-G \G \ ser . Go \ Go 




But since G/ Go is equivalent as a Borel space and measure space to T- Go\G x (Go\r • Go) 
by choosing a Borel cross section, the representation in square brackets is just 



Aq dx. 

G/G 

Thus, 

{U~s) S =Y< m ^ U ^) I Kdx. (48) 

X eA JG/Gq 

Now, since Go is type I and direct integral decompositions are essentially unique, we may 
equate coefficients in (HS]) and (j4"Tj) . We find then that the family of orbits {vr^ : 7r G £>} 
and {A[f : Ao G A} are the same. Moreover, the orbits of are all distinct, whereas some 
of the orbits of A|f may coincide. Thus, we can equate the multiplicities as follows: 

m(ir,U e )= E m ( X o,U 0£ ). 

(End of Moore Algorithm Proof) □ □ 

Corollary 29. Under the conditions of Moore's algorithm, m (jr, U £ ) > if and only if there 
is an irreducible representation m of the rational Kirillov subgroup G\ such that m (7Ti, U\ e ) > 
and n = Ind G ^ i (tti)- 

Remark 30. Abelian case: 

Suppose r is a lattice in G = W 1 , given by generators 71, 72, 7n- The coadjoint orbit 
of any a e q* is {a}, and the maximal abelian subalgebra is f) = Q — M. n . By the Kirillov 
correspondence this implies that irreducible representations of G are characters x H- e 2 ™ a ^ of 
G determined by elements a G Q* = (lR n )*. Such an a occurs as a representation induced by 
e if 

for all 7 G T . 

This condition occurs exactly when a (7) G Z whenever e (7) = 1 and a (7) G Z + | when 
e (7) = —1; i.e., the pair (a, H) is an e-integral point. This means that there exists kj, lj G Z 
such that 



j, £(77 = 1 i. e( 7 j)=-l V 
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where {71,72, — ; 7n} i> s the basis of g* dual to {71,72, ■■•,7n}- So n a can be written as 

7r a (t)= J] e 2 ^ n e^^+D'i, 

t = Y^tjij e c n . 

We now prove Theorem [201 the e-generalized Richardson occurrence condition. 
Proof. Forward Direction: 

Suppose H has codimension zero. This implies that a ([0,0]) = 0, by the definition of 
maximal subordinate subalgebra. By possibly repeated application of Lemma [231 we can 
factor out [q,q], and the occurrence and multiplicity remain unchanged. This reduces the 
problem to the abelian case, which is proved in Remark [301 

We now proceed inductively on the codimension of H: assume that the theorem is known 
for codimension k — 1 or less. Now suppose n G G and that m (77 U £ ) is greater than zero. 
Let 7r be induced from (a, H), where the codimension of H is k. 

Cases: 

(1) Suppose that % = 1 on Z (G). Since the center is always a rational subalgebra (for 
nilpotent groups, for any cocompact lattice), then we pick a one- dimensional rational 
subgroup N G Z (G) on which ix is trivial. Then we can apply Lemma [231 an d we 
have reduced the codimension of H by one. 

(2) Suppose that ir acts nontrivially on Z (G) 7^ G and that dim(Z(G)) > 1. We have 
that U £ (z) is multiplication by e (z) for all z G TdZ (G) by the definition of U £ . Write 
7r = 717 for some rational A G g*. Since the kernel of A restricted to 3 is rational and 
at least dimension one, we can pick a one-dimensional rational subgroup N G Z (G) 
on which 7r is trivial. We now apply Lemma [23] and reduce the codimension of H by 
one. 

(3) Suppose that n acts nontrivially on Z (G) 7^ G and that dim (Z (G)) = 1. Let G\ be 
the rational Kirillov subgroup of G corresponding to ir, and note that the codimension 
of Gi is 1 and H G Gi, by construction. Let U\ e be the restriction of U £ to G\. By 
Corollary [2H1 there is an irreducible representation 717 of Gi such that m (717, £/ lE ) > 
and 77 induces it. Let 7r^ = Ind^a, which then induces 77 and tt[ is also an irreducible 
representation of G\ by the Kirillov theory. But 77 must be equivalent to n" (•) = 
(7r[) x (■) := 7Ti(x(-)x _1 ) for some x G G by the Kirillov correspondence. Since 
m « , £/i £ ) > 0, there exists g x G G x such that fo Ad (ijoAd (g ± ) : log (r (7 G x ) -)■ Q 
(again, see [251 Cor. 2, p. 154]). Note that we do not know that (a, H)-x is maximal. 
Write log (xgi) = aX\ + P\, where P\ G Qi and Xi is the first external vector for [), as 
in the construction of the special maximal subordinate subalgebra in [281 Section 3] . 
Note that Y\ G log (r) from the construction satisfies [Xi,Yi] = Z\ G log(r), which 
generates Z(G). Since gi is the centralizer C (Yi,g), we have 

aoAd(x)oAd(^)(n) = a\Y 1 + [aX 1 + P 1 ,Y 1 } + ^[aX 1 + P 1 ,[aX 1 + P 1 ,Y 1 }}. 

= a (Y 1 + a [X u Fx] + + + ...) 
= a (Y"i + aZi) , 

by the Campbell-Baker-Hausdorff formula. Since Y\ G log (r), a (Yi + aZi) = a (Yi) + 
aa(Zi) G Q, but since Y±,Zi G log (r) we have a G Q. Let go — exp(aXi). Then 
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(a,H) ■ g induces p\ on G±, which induces n on G, where (a,H) ■ g Q is a rational 
maximal character on Gi and m (pi, Ui £ ) > 0. By construction, (a, H)-g is maximal. 

By the induction hypothesis, there is an e-integral point in (a, H) ■ g ■ G±, so that 
(a, H) ■ G has an e-integral point. 

Converse: 

Suppose (a, H) ■ G has an e-integral point (a, H) ■ g . As above, we reduce to the case 
where the dimension of the center is 1 and n restricted to Z (G) is nontrivial. We know 
that the Kirillov subgroup Gi is normal in G, so our e-integral point (a, H) ■ g induces 
7rf , which induces 7r 50 , which is equivalent to ir. Also, (a,H) induces 7Ti, which induces ir, 
and (a, H) ■ go is a maximal character in G\. It follows from the induction hypothesis that 
m (7rf°, Uie) > which by Moore's induction implies that m (n, U £ ) > 0. □ 

Assume that m (ir, L\ (r\G)) > 0, and (a, H) induces ir, where log (H) is a special max- 
imal subordinate subalgebra to a with respect to T. See [28, Section 3] for the construction 
for the special subordinate subalgebra. 

Lemma 31. If x — exp (X), and if (a, H) ■ x = (a, H), then x e H. 

Proof. See [28l Section 5], Lemma 5.1. The proof holds verbatim. □ 

As a result, we may identify the G-orbit of (a, H) with H\G. 

Lemma 32. // (a, H) is an e-integral point and if 70 G T, then (a, H) ■ 70 is an e-integral 
point. 

Proof. Consider (a,H) ■ 7 . Note that T n^ 1 H ^o 1 (T f] H) since 7 o _1 r = T. But if 
7o 1 77o £ T fl 7 o H, then a 70 (70 1 77o) = ct (7) = e (7) — e (7o _1 77o) for every 7 e T fl H. 
Also, 7 o _1 (r n H) is uniform in ^H. □ 

Let (H\G) e be the set of e-integral points in H\G. As a result of the second Lemma, T 
acts on (H\G) e . 

We now prove Theorem [221 

Proof. The proof of [281 Theorem 5.3] goes through, replacing the reference to Lemma 2.6 
with Lemma [231 and the reference to Lemma 2.7 with Theorem [27] and replacing the phrase 
"integral point" with "e-integral point" . □ 

References 

[1] Ammarni, B., and Bar, C, The Dirac operator on nilmanifolds and collapsing circle bundles, Ann. 

Global Anal. Geom. 16 (1998), no. 3, 221-253. 
[2] Ammann, B., Sprouse, C, Manifolds with small Dirac eigenvalues are nilmanifolds, Ann. Global Anal. 

Geom. 31 (2007), no. 4, 409-425. 
[3] Atiyah, M. F., Patodi, V. K., and Singer, I. M., Spectral asymmetry and Riemannian geometry. I, Math. 

Proc. Camb. Phil. Soc. 77 (1975), 43-69. 
[4] Atiyah, M. F., Patodi, V. K., and Singer, I. M., Spectral asymmetry and Riemannian geometry. II, 

Math. Proc. Camb. Phil. Soc. 78 (1975), 405-432. 
[5] Bar, C, Das Spektrum von Dirac- Operatoren, Dissertation, Rheinische Friedrich-Wilhelms-Universitat 

Bonn, Bonn, 1990. Bonner Mathematische Schriftcn, 217, Universitat Bonn, Mathematisches Institut, 

Bonn, 1991. 

[6] Berline, N., Getzler, E., and Vergne, M., Heat Kernels and Dirac operators, Grundlehren der mathema- 
tischen Wissenschaften 298, Springer- Verlag, Berlin, 1992. 



THE ETA INVARIANT ON TWO-STEP NILMANIFOLDS 



51 



Botvinnik, B. and P. B. Gilkcy, The eta invariant and the equivariant spin bordism of spherical space 
form 2 groups, New developments in differential geometry (Debrecen, 1994), Math. Appl. 350 (1996), 
213-223. 

Briining, J., Kamber, F. W., and Richardson, K., The equivariant index theorem for transversally elliptic 
operators and the basic index theorem for Riemannian foliations, Electronic Research Announcements 
in Mathematical Sciences 17 (2010), 138-154. 

Briining, J., Kamber, F. W., and Richardson, K., The eta invariant and equivariant index of transver- 
sally elliptic operators, preprint arXiv:1005.3845vl [math.DG]. 

Briining, J., Kamber, F. W., and Richardson, K., Index theory for basic Dirac operators on Riemannian 
foliations, Contemporary Mathematics 546 (2011), 39-81. 

Castro- Villarreal, Pavel, Brownian motion meets Riemann curvature, J. Stat. Mech. (2010) P08006 
doi:10.1088/1742-5468/2010/08/P08006. 

Corwin, Lawrence J., and Greenleaf, Frederick P., Representations of nilpotent Lie groups and their 
applications. Part I. Basic theory and examples. Cambridge Studies in Advanced Mathematics, 18, 
Cambridge: Cambridge University Press, 1990. 

Donnelly, H., Eta invariants for G-spaces, Indiana Univ. Math. J. 27 (1978), no. 6, 889-918. 

P. Eberlein, Geometry of 2-step nilpotent groups with a left invariant metric, Ann. scient. Ec. Norm. 

Sup., 4° scric, 27 (1994), pp. 611-660. 

Gilkcy, P. B., The eta invariant and the K-theory of odd- dimensional spherical space forms, Invent. 
Math. 76 (1984), no. 3, 421-453. 

Gilkcy, P. B., Invariance theory, the heat equation, and the Atiyah-Singer index theorem, second edition, 
Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1995. 

Goette, S., Eta invariants of homogeneous spaces, Pure Appl. Math. Q. 5 (2009), no. 3, part 2, 915-946. 
Gordon, C. S., Riemannian manifolds isospectral on functions but not on l-forms, J. Diff. Geom. 24 
(1986), no. 1, 79-96. 

Gordon, C. S., Gornet, R., Spectral geometry on nilmanifolds, in Trends. Math., Progress in inverse 
spectral geometry, Birkhauser, Basel, 1997, 23-49. 

Gordon, C. S., Wilson, E. N., The spectrum of the Laplacian on Riemannian Heisenberg manifolds, 
Michigan Math. J. 33 (1986), no. 2, 253-271. 

Hitchin, N. J., Einstein metrics and the eta-invariant, Boll. Un. Mat. Ital. B (7) 11 (1997), no. 2, suppl., 
95-105. 

Kirillov, A. A., Unitary representations of nilpotent Lie groups, Uspehi Mat. Nauk 17 (1962) no. 4 
(106), 57-110. 

Kirillov, A. A., Lectures on the orbit method, Graduate Studies in Mathematics, 64. American Mathe- 
matical Society, Providence, RI, 2004. 

Mackey, G. W., Induced representations of locally compact groups, I, Ann. of Math. 55(1952), 101-139. 
Moore, C. C, Decomposition of unitary representations defined by discrete subgroups of nilpotent groups, 
Ann. of Math. 82, no. 1 (1965), pp. 146-182. 

Pesce, H., Calcul du spectre d'une nilvariete de rang deux et applications, Trans. Amer. Math. Soc. 
339(1993), no. 1, 433-461. 

Petrow, A. S., Einstein- Raume, Akademie-Vcrlag, Berlin, 1964. 

Richardson, L. F., Decomposition of the L 2 -space of a general compact nilmanifold, Amer. J. Math. 93 
(1971), 173-190. 

Roe, John , Elliptic operators, topology and asymptotic methods. Second edition. Pitman Research Notes 
in Mathematics Series, 395. Longman, Harlow, 1998. 

Wittcn, E., Quantum field theory and the Jones polynomial, Comm. Math. Phys. 121 (1989), no. 3, 
351-399. 



Department of Mathematics, University of Texas at Arlington, Arlington, Texas 76019- 
0408 

E-mail address: rgornet@uta.edu 



52 RUTH GORNET AND KEN RICHARDSON 

Department of Mathematics, Texas Christian University, Box 298900, Fort Worth, Texas 
76129 

E-mail address: k.richardson@tcu.edu 



